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Fractals

Study geometry of fractal curves
by mapping them to unit circle with a “nice” map of C
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Constructing “nice” maps

¢

3

e What is the regularity of h: 0D — 0?7

e Can we extend h to a “nice” map of D?
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Definitions
H: U — V homeomorphism between open sets U, V C R2, H e W (V)

loc

Ku(x,y) :==inf{K > 1:||DH(x,y)||?> < KJu(x,y)} ae. (x,y)

v 2

H is conformal if Ky = 1.

H is quasiconformal if Ky € L*>(U).

H is a mapping of finite distortion if Ky < oo a.e.

H is a mapping of exponentially integrable distortion if

/ ePKioY) do(x,y) < oo for some p > 0.
U
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The extension problem

Problem

Let h: R — R be an increasing homeomorphism. When does h have an
extension to a homeomorphism of H in one of the previous classes?

For x € R and t > 0 we define the symmetric distortion function

[h(x +t) = h(x)] [h(x) = h(x — t)l}
[h(x) = h(x = )" [h(x +t) = h(x)| ]

i =

x—t x x4t M hx—t)h()  h(x+ 1)
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Beurling-Ahlfors extension

Theorem (Beurling—Ahlfors, Acta Math. 1956)

There exists an operator that extends h to a C'-diffeomorphism of H.
If pr(x,t) < o for some o > 0, then K, < o°.

Improved estimates:
e Kj < 8p (Reed 1966)
o Kp<4.2p(Li1983)
e Kp < 2p (Lehtinen 1983)

Question

Can we obtain a bound of the form Kp(x,y) < Cpn(x,y) without any
assumptions on pp?

No! (Z. Chen 2001)
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Estimates for the dilatation
e (Z. Chen 2001) Under no further assumptions on h,
Kn(x,y) < Con(x, y)(pn(x + y/2,y/2) + pr(x = y/2,y/2)).

Looks like Kj < Cp%.

o (J. Chen—Z. Chen—He 1996) If pn(x, t) < o(t) for some decreasing
function o(t), then

Kn(x,y) < Coly/2).

o (Zakeri 2008) If h(x 4+ 1) = h(x) + 1 for x € R and
exp(sup,~q pn(+,y)) € LI([0,1]) for some g > 0, then

y>0

Kn(x,y) < 4max {sup pr(x,y), C1(q) log <C2)Eh)> } '
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Main result

Theorem (Karafyllia-N., Proc. Lond. Math. Soc. 2022)

Let h: R — R be an increasing homeomorphism. Then

, o [y/4
ph(zy)SKh(X,Y)SSOmaX{Ph(XaY),y/ Ph(X+Zvy_’ZDdZ}

—y/A
for all x € R and y > 0.

(z,y)

N

(x —y/4,3y/4) (= +y/4,3y/4)
Consequences:
® ||pnllr = [|KnllLr

e exp(pp) € LP for some p if and only if exp(K}) € L9 for some g
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Corollaries

Corollary

Let h: R — R be an increasing homeomorphism such that

/ eqph(x7y) dO—(X,y) < o0
H

for some q > 0. Then there exists an extension of h to a homeomorphism
of H that has exponentially integrable distortion.

Corollary
Let h: R — R be an increasing homeomorphism such that

/ pa(x,y) da(x,y) < oo
H

for some q > 1. Then there exists an extension of h to a homeomorphism
of H that has qg-integrable distortion.
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Necessary conditions

Theorem
Let H be a homeomorphism of H. If Ky € L>°(H) then p, € L>°(H).

Question

Is the converse true? Let H be a homeomorphism of H that has
exponentially integrable distortion. If h is the boundary map, is it true that

/ eqph(xry) dU(X,y) < o0
H

for some g > 07

No! (Koski-Onninen 2022)
Counterexamples for exponentially integrable and g-integrable distortion
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Sketch of proof

Let h: R — R homeomorphism.

Beurling—Ahlfors extension: H = (u, v)

u(x,y) = 1 /X-H’ h(t) dt

2y Jx—y

v(x,y) = 21}/ </Xx+y h(t) dt — /Xiy h(t) dt>

We need to find bounds for

% 2
ts.) = 128
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Sketch of proof
Let x € R and y > 0. Normalize h*(0) =0, h*(1) = 1. Then

1
Kn(x,y) + =
h( y) Kh(Xa.y)

1

F(fﬂ?):m

"B

(sa+mdr+5a+e))

0

1
where f = —h*(—-1), ¢=1 —/ h*(t)dt, n=1+ ;/ h*(t) dt.
0

-1
Observations (Beurling—Ahlfors):

e &ne(0,1)
e [ is a convex function of £, n
e F(&,n) — o0 as&,n—0.
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Sketch of proof

Suppose 8 > 1 (8 < 1 is symmetric).

There are two cases: h*(—1/2) < —f/2 and h*(—1/2) > —3/2.
(&,m) lies in one of the convex polygons:

n n n

=l

0 B 1 0 1580 1
G6(1+A") 6(1+A*)

4

y/4
/ ph(x + 2,y — z)dz.
Y Jo
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Worst case

B . . :
————— <1 = (£, n) lies in the first convex quadrilateral Q.
F is convex = the maximum in @ is attained at one of the vertices

Then F(&,n) < 25max {ps(x,y), A"}

n n n

=l

B 1 0 1580 1
6(1+A%) 6(1+A")
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Better case

__B
6(1+ A*)
and (1,0)

> 1= (&,n) lies in the triangle with vertices (0, 1), (1, 1),

Then F(£,1) < 3pn(x,y).

n n n

=l

3 3
G(1+A* G(1+A")
( )
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Sketch of proof

If (£, 7) lies in the third rectangle 0 < ¢ <1 and 1/4 <17 < 1, then

F(&,m) < 9pn(x,y).

=l

0 B 1 0 1580 1
G6(1+A") 6(1+A*)
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Sketch of proof

Combining all cases (5 > 1)

4 [Y/*4
Kh(X,}/)S25maX{ph(X,y),y/ Ph(X+Zay_Z)dz}'
0

The case 5 < 1 is symmetric. Thus,

2 [y/4
Kn(x,y) §50ma><{ph(x,y),y/ / pr(x+2z,y — IZ\)dZ}-
—y/4
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Thank you for your attention!
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