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sequence A = {\p, i} with p, — oo, such that

(A) A has Density d - fim M=t _ g oo

t— oo t

(B) Ant1 — Ap > ¢ >0, (Uniformly Separated).

(C) Sp<0

and hence (Krivosheeva 2012 St. Petersburg Math. J.):
there exists a Taylor-Dirichlet series such that it Can be Continued
Analytically across the abscissa of convergence.
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having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

B(an, [an|*) = {2z : |z — an| < a5}
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Zikkos (2005 Complex Variables, 2010 CMFT) :
Consider a strictly increasing sequence {a,} of positive real numbers,
having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

Ban, |an|”) = {z 1 |z — an| < '}

Choose a point in B(ap,|a,|%) NR, call it b,, in an almost arbitrary way,
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The class U(d, 0)

Zikkos (2005 Complex Variables, 2010 CMFT) :
Consider a strictly increasing sequence {a,} of positive real numbers,
having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

Ban, |an|”) = {z 1 |z — an| < '}

Choose a point in B(ap,|a,|%) NR, call it b,, in an almost arbitrary way,
such that

for all n#m either (1) by, = b,
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The class U(d, 0)

Zikkos (2005 Complex Variables, 2010 CMFT) :
Consider a strictly increasing sequence {a,} of positive real numbers,
having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

Ban, |an|”) = {z 1 |z — an| < '}

Choose a point in B(ap,|a,|%) NR, call it b,, in an almost arbitrary way,
such that

for all n#m either (/) bp=b, or (II) |bm— bn| > 9.
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The class U(d, 0)

Zikkos (2005 Complex Variables, 2010 CMFT) :
Consider a strictly increasing sequence {a,} of positive real numbers,
having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

Ban, |an|”) = {z 1 |z — an| < '}

Choose a point in B(ap,|a,|%) NR, call it b,, in an almost arbitrary way,
such that

for all n#m either (/) bp=b, or (II) |bm— bn| > 9.

Rename {b,} into A = {\p, ttn}-
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The class U(d, 0)

Zikkos (2005 Complex Variables, 2010 CMFT) :
Consider a strictly increasing sequence {a,} of positive real numbers,
having density d with uniformly separated terms

n/a, —d, ant1 —ap >c > 0.

Choose two positive numbers o < 1, d<c.
For each term a, consider the closed disk

Ban, |an|”) = {z 1 |z — an| < '}

Choose a point in B(ap,|a,|%) NR, call it b,, in an almost arbitrary way,
such that

for all n#m either (/) bp=b, or (II) |bm— bn| > 9.

Rename {b,} into A = {A\,, un}. Then we say that A € U(d, 0).
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The Class U(d, 0)

4
(]
bn+1 = bn+2 - bn+3
® @
dn1  dny2  an+43 R = aﬁ+3
_
R= )
JENGY
R = nt+1

_—
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Singularities of Taylor-Dirichlet series
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Singularities of Taylor-Dirichlet series

Theorem A

Let the multiplicity-sequence N = {\,, 11n}52, belong to the class U(d,0)
for some d > 0, and consider the Taylor-Dirichlet series

o) pn—1
f5)-3 (z ) R,
n=1 k=0

log C,,
limsup °8

n—oo n

=¢eR, where Ch=max{|chk|: k=0,1,..., up,—1}.
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Singularities of Taylor-Dirichlet series

Theorem A

Let the multiplicity-sequence N = {\,, 11n}52, belong to the class U(d,0)
for some d > 0, and consider the Taylor-Dirichlet series

o) pn—1
f5)-3 (z ) R,
n=1 k=0

log C,,
limsup °8

n—oo n

=¢eR, where Ch=max{|chk|: k=0,1,..., up,—1}.
Then g(z) defines an analytic function in the half-plane {z . Rz < —¢£}

and it has at least One singularity in every open interval of length
exceeding 2wd and lying on the line &z = —¢&.
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Characterize the closed span of the exponential system

En={z¢e**: neN, k=0,1,..., 1, — 1}
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Given A = {\,, 1n}52, in U(d,0)
Characterize the closed span of the exponential system

En={z¢e**: neN, k=0,1,..., 1, — 1}

in LP(/) spaces where / is a simple closed rectifiable curve in C, and G is
the domain bounded by the curve.
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Characterize the closed span of the exponential system

En={z¢e**: neN, k=0,1,..., 1, — 1}

in LP(/) spaces where / is a simple closed rectifiable curve in C, and G is
the domain bounded by the curve.

>

If f is in the closed span of Ep in LP(/), then f is in the LP closure of
polynomials,
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Second Goal

Given A = {\,, 1n}52, in U(d,0)
Characterize the closed span of the exponential system

En={z¢e**: neN, k=0,1,..., 1, — 1}

in LP(/) spaces where / is a simple closed rectifiable curve in C, and G is
the domain bounded by the curve.

>

If f is in the closed span of Ep in LP(/), then f is in the LP closure of
polynomials, hence f € EP(G)).
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Curve [ is surrounded by a rectangle whose height is less
than 27d




Curve [ is surrounded by a rectangle whose height is less

than 27d

Height < 27d

Theorem B

Suppose the Domain G; bounded by the curve | is a Smirnov domain.

E. Zikkos Short version



Curve [ is surrounded by a rectangle whose height is less

than 27d

Height < 27d

Theorem B

Suppose the Domain G; bounded by the curve | is a Smirnov domain.
Suppose also that A = {\,, un} has Density d.
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Curve [ is surrounded by a rectangle whose height is less

than 27d

Height < 27d

Theorem B

Suppose the Domain G; bounded by the curve | is a Smirnov domain.
Suppose also that N = {\,, un} has Density d.  Then the closed span of
the exponential system Ep in the space LP(l) for p > 1
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Curve [ is surrounded by a rectangle whose height is less

than 27d

Height < 27d

Theorem B

Suppose the Domain G; bounded by the curve | is a Smirnov domain.
Suppose also that N = {\,, un} has Density d.  Then the closed span of
the exponential system Ep in the space LP(I) for p > 1 Coincides with
the Smirnov space EP(G)).
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.

( B. Ya. Levin, A. F. Leont'ev):
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.

( B. Ya. Levin, A. F. Leont'ev): Since the density of A is d,
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.

( B. Ya. Levin , A. F. Leont’ev): Since the density of Ais d, AND the
height of the rectangle is less than 27d,
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.

( B. Ya. Levin , A. F. Leont’ev): Since the density of Ais d, AND the
height of the rectangle is less than 27d, then the system E, is
Complete in H(K).
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It is enough to show that EP(G) is a subspace of the closed span of the
exponential system Ep in LP(/).

Since G; is a Smirnov domain we have to show that the LP closure of
polynomials is a subspace of the closed span of the exponential system
Ep in LP(]).

Let H(K) be the space of functions analytic in the rectangle K with the
topology of uniform convergence on compact subsets.

( B. Ya. Levin , A. F. Leont’ev): Since the density of Ais d, AND the
height of the rectangle is less than 27d, then the system E, is
Complete in H(K).

Hence polynomials are approximated uniformly on the curve | by
exponential polynomials.

E. Zikkos Short version



The curve [ is Surrounding a rectangle whose height is 27d
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The curve [ is Surrounding a rectangle whose height is 27d

Height of rectangle > 2wd
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The curve [ is Surrounding a rectangle whose height is 27d

Height of rectangle > 2wd

Theorem C
Suppose that N = {\,, un} has Density d.
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The curve [ is Surrounding a rectangle whose height is 27d

Height of rectangle > 2wd

Theorem C

Suppose that N = {\,, un} has Density d.  Then the closed span of the
exponential system Ep in the space LP(I) for p > 1 is a Proper subspace
of the Smirnov space EP(G;).
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The curve / is Surrounding a rectangle whose height is 2wd

Height of rectangle > 2wd

Theorem C

Suppose that N = {\,, un} has Density d.  Then the closed span of the
exponential system Ep in the space LP(I) for p > 1 is a Proper subspace
of the Smirnov space EP(G;). For any A & {\,}, the function e** does
not belong to the closed span of the system.
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The curve / is Surrounding a rectangle whose height is 2wd

Height of rectangle > 2wd

Theorem C

Suppose that N = {\,, un} has Density d.  Then the closed span of the
exponential system Ep in the space LP(I) for p > 1 is a Proper subspace
of the Smirnov space EP(G;). For any A & {\,}, the function e** does
not belong to the closed span of the system.

Question:
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The curve / is Surrounding a rectangle whose height is 2wd

Height of rectangle > 2wd

Theorem C

Suppose that N = {\,, un} has Density d.  Then the closed span of the
exponential system Ep in the space LP(I) for p > 1 is a Proper subspace
of the Smirnov space EP(G;). For any A & {\,}, the function e** does
not belong to the closed span of the system.

Question: Can we characterize the closed span of the exponential system
Ep in the space LP(/) for p > 17
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The curve / is Surrounding a rectangle whose height is 2wd

Height of rectangle > 2wd

Theorem C

Suppose that N = {\,, un} has Density d.  Then the closed span of the
exponential system Ep in the space LP(I) for p > 1 is a Proper subspace
of the Smirnov space EP(G;). For any A & {\,}, the function e** does
not belong to the closed span of the system.

Question: Can we characterize the closed span of the exponential system
Ea in the space LP(/) for p > 17

We give an answer when A € U(d,0).
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Characterizing the closed span of Ep
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Characterizing the closed span of Ep

Let A belong to the class U(d,0).
Let En = {zkeM?: neN, k=0,1,...,pu, —1}.
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Characterizing the closed span of Ep

Let A belong to the class U(d,0).
Let En = {zkeM?: neN, k=0,1,...,pu, —1}.
Curve Iy, .Domain Gy, S, the set of all s-uch line segments
length .> 2nd qi, = sup{?Rz- VYzeS,}
If f e spW(L—'A) in LP(ly),
f extends analyti-cally in Rz < g,

as a

/ Taylor-Dirichlet series
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The closed span of Ep in LP(/y)
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The closed span of Ep in LP(ly)

Theorem D
Let A= {\n, un}o2, € U(d,0) and consider an Iy curve and its q,

constant.

» Then every function f belonging to the closed span of Ep in LP(ly)
for p > 1, not only extends analytically in the domain G, and
belongs to the Smirnov space EP(G},).

» But it is also extended analytically in the half-plane
Hq, :={z: Rz < q}, admitting a unique Taylor-Dirichlet series
representation of the form

) pn—1
g(z) = Z (Z C,,,kz“) e>\n27 areC, Vze Hq,d
k=0

with the series converging uniformly on compact subsets of Hq,d.
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Crucial Tool: Distances in LP(/y)

E. Zikkos Short version



Crucial Tool: Distances in LP(/y)

Suppose that A = {\,, 1n }S2; belongs to the class U(d,0) and consider
an Iy curve and its g;, constant. Let

En={z¢e**: neN, k=0,1,..., 1, —1}.
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Suppose that A = {\,, 1n }S2; belongs to the class U(d,0) and consider
an Iy curve and its g;, constant. Let

En={z¢e**: neN, k=0,1,..., 1, —1}.

Let poi(z):=2e™* And  En,, = Ex\ {pn}-
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Crucial Tool: Distances in LP(/y)

Suppose that A = {\,, 1n }S2; belongs to the class U(d,0) and consider
an Iy curve and its g;, constant. Let

En={z¢e**: neN, k=0,1,..., 1, —1}.

Let poi(z):=2e™* And  En,, = Ex\ {pn}-
Define the Distance between p, x and the closed span of Ep,, in LP(ly)

D = inf —
pmk gGSp%(EA,,,k) Hpn,k g||Lp(ld)
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Crucial Tool: Distances in LP(/y)

Suppose that A = {\,, 1n }S2; belongs to the class U(d,0) and consider
an Iy curve and its g;, constant. Let

En={z¢e**: neN, k=0,1,..., 1, —1}.

Let poi(z):=2e™* And  En,, = Ex\ {pn}-

Define the Distance between p, x and the closed span of Ep,, in LP(ly)

D = inf —
pmk gGSp%(EA,,,k) Hpn,k g||Lp(ld)

Theorem E
For every ¢ > 0 there is a constant u. > 0, independent of p > 1, n € N
and k =0,1,...,u, — 1, but depending on N the curve Iy, so that

Dpnk > u, (g = An,
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A Biorthogonal sequence to Ep in E2(G,,) and a solution

to a Moment Problem

Theorem F

> Let A= { A, pn}52, belong to the class U(d,0) and consider an Iy
curve and its qy, constant.
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A Biorthogonal sequence to Ep in E2(G,,) and a solution

to a Moment Problem

Theorem F

> Let A= { A, pn}52, belong to the class U(d,0) and consider an Iy
curve and its q;, constant. Then there exists a family of functions

{rax €E*G,): ne€N, k=0,1,...,u,—1}

such that this family is the Unique Biorthogonal sequence to the
system Ep in E%(G,,), belonging to span(Ep) in E*(Gy,).
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A Biorthogonal sequence to Ep in E2(G,,) and a solution

to a Moment Problem

Theorem F
> Let A= { A, pn}52, belong to the class U(d,0) and consider an Iy
curve and its q;, constant. Then there exists a family of functions
{rax €E*G,): ne€N, k=0,1,...,u,—1}
such that this family is the Unique Biorthogonal sequence to the
system Ep in E%(G,,), belonging to span(Ep) in E*(Gy,).

» Moreover, for every € > 0 there is a constant m. > 0, independent
of n and k, but depending on N\ and the curve Iy, so that

Hr",k”EQ(Gld) S mse(iqld+€)An5 VHEN, k:0717"'7,un_1'
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» Let {dyk: neN, k=0,1,...,u, — 1} be a doubly-indexed
sequence of complex numbers such that

log A,
limsup oi < q, where A,=max{|dnk|: k=0,1,...,u,—1}.

n—o0 n
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» Let {dyk: neN, k=0,1,...,u, — 1} be a doubly-indexed
sequence of complex numbers such that

An

< q, where A,=max{|dnk|: k=0,1,...,u,—1}.

. log
lim sup
n—o00 n

Then the function

flz2):=) (Z dn,krn,k(z)>
k=0

n=1
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» Let {dyk: neN, k=0,1,...,u, — 1} be a doubly-indexed
sequence of complex numbers such that

log A,
limsup o8 < q, where A,=max{|dnk|: k=0,1,...,u,—1}.

n—o0 n

Then the function

flz2):=) (i dn,krn,k(z)>

n=1 k=0

belongs to £2(G,,) and it is a solution to the moment problem

/z"eAnzf(z)|dz\:d,,,k VneN and k=0,1,2,...0,— 1

Iy
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