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Notation

e D={zeC: |z| <1}: unitdisk.
o HZ: the space of all f(z) = Y72, a,z" in D such that

00 1/2
1fll2 = (Z a,,2) < 00.

n=0
Onthe unitcircle T = {z e C: |z| = 1}, each such
function has radial limits a.e. f(¢) = lim,_,1- f(r().
o H>: ||f|loc = sup,ep |[f(2)] < o0.
1ll2 < [[lloo-
e Can also define other HP spaces (not needed here).
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Linear Extremal Problems

o Let1 < p < . Find

sup{(b(ao,..., )l I fllge < 1,f(z Zajz/}

or

sup{ReCD(ao,..., n): |[flle < 1,f(z Zajzl}

where ¢ is a continuous functional.

e Carathéodory, Fejér, Kakeya, Landau, Pick, Schur, Szasz,
Szegb (1910-1930): concrete problems of this type and
related interpolation questions.

e Unified approach, dual extremal problems (around 1950):
Rogosinski- H. Shapiro and S.Ya. Khavinson.
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A non-linear extremal problem

e Let B* denote the class of all f analytic in D such that
0 < |f(z)] < 1forall zenD.

e Consider the extremal problem of determining the
supremum:

h=sup{lan: feB}, n>1.

e Obviously, M, < 1 for all n > 1. Uniform bounds on M,
smaller than one exist!

e Standard arguments (normal families, Hurwitz’'s theorem)
show that the supremum M, is attained for some function f
(called an extremal function).
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Some basic observations

o Clearly, if f(z) = > 7% a;z is extremal and || = |u| = 1,
then so is Af(uz) = A3 %, i/ a2l (rotations of f).

e Thus, we can study instead the equivalent “normalized”
problem of finding

M, =sup{Rea,: fe B., a >0},

forn>1.

e The n-th coefficient of an extremal function for the above
problem must actually satisfy the condition

Rean = ‘an‘ .

That is, a, > 0 actually must hold for such functions.
(Otherwise get a function in B, for which Re a, > M,.)
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The Krzyz conjecture

e For every n > 1, the function

n n 1 2 2
f — (271)/(z+1):7 “_n__ = J3n
n(z)=e e+ 52~ 37 +

shows that M, > 2/e = 0.73575888.. . ..
e Conjecture. (Jan Krzyz, 1968) M, =2/eforalln> 1.

Moreover, for any fixed n > 1, equality is attained only for
the function f, as above:

f(z)=e@ @ 21 20 2 an

e e 3e

(and its rotations if we maximize the modulus of |ap|).
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Why is this problem of interest?

e It is quite a natural problem and simple to formulate.

e Being a non-linear extremal problem, it is a lot harder than
most linear ones.

e There is some remote analogy with the Bieberbach
conjecture in the theory of univalent functions.

e The problem can be studied from many points of view and
is related to many different concepts and topics, e.g., the
Toeplitz-Carathéodory criterion for functions with positive
real part, positive semi-definite quadratic forms and
matrices, Herglotz representation, Loewner chains, the
universal analytic covering map of the punctured disk,
inner functions and Hardy space theory, polynomials with
positive real part on the circle, the Bateman function,
Laguerre polynomials, etc.
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Some known uniform estimates

It is not at all easy to show that M, < C < 1 for a uniform
constant M (not depending on n).

e Horowitz (1978):

1 4 1
<1——+ —sin— =0. .
M, <1 37T+7Tsm12 0.99987 ,neN

e This was improved to 0.9991 ... in Ermers’ thesis (1990).
e Asymptotic bounds: Prokhorov, Romanova (2006).
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Partial results

e Case n=1: simple (known since 1934).

e n = 2is already non-trivial: Krzyz, Reade, MacGregor
(unpublished).

e n = 3: Hummel, Scheinberg, Zalcman (1977).
e n=4: Tan (1983), Brown (1987).
e n=>5: Samaris (2003).

e Lewandowski, Szynal, Brown, Koepf, Schmersau, Peretz
(among others): various partial contributions.
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Properties of extremal functions

e Hummel, Scheinberg, and Zalcman (1977) established the
structure of extremal functions.

e This structure can actually be deduced from an earlier
work of S.Ya. Khavinson.

e Other proofs: Kortram (1993), based on the study of
extreme points of the unit ball in H*°.

e Martin, Sawyer, Uriarte-Tuero, and Vukoti¢ (2015): more
information on the properties of extremal functions.

e Agler, McCarthy (2018): relations to an entropy conjecture.
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Some algebra. Recurrence relations

Lemma. If f and g are analytic in D and
f=e%, f(2)=> aZ, 9(2)=> b7,
j=0 j=0
then

and

n—1 k
an:Z<1 —n>akbn_k, n21
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More precisely,

b2
a = aby, a=a <2+b2 ,
b3
a = Qap €1+b1b2+b3 )
b4 b2b2 b2
as = Qo (24+2+bb3+2+b4 e

There is an explicit general formula, due to Z. LewandowskKi
and J. Szynal.
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In general:
an = aOPn(b'labZa-"vbn)?

where, for each n > 1,

Pn(b1, b2, ..., by) = Z Ciy (1),io(1),-osim() Piy (m Pin(n) + - - Bim(n) »

1<m<n,

Sl i(n)=n
where all ji(n) € N and

Ciy(n)ia(P)s-rrim(n) > 0

These coefficients can be computed explicitly.
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Some observations

e No more than one coefficient of f can be > 2/e since if
lan| > 2/e and |am| > 2/e, m # n, then

2 2 - 2 2 2 8
12122 3= Y lanf 2 2(2) = & 51
n=0

e For the purported extremal function, we have

3025, ai=a=...=a,_1=0, ap=2a.

Proving just one of these relations for an extremal function
could constitute fundamental progress.
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The case n =1

If f € B, then we can write f = €9 where g is a function analytic
in D and with negative real part, hence g = (h+1)/(h— 1), for
some h with ||h||» < 1. A direct computation shows that

2H h+1
S ) S
hence by the Schwarz-Pick lemma
2|H(0)] h(O)+1 1 —|h(0)[2 —ﬂ 2
7O = e <2 hgee | <

since the function u(x) = 2x e™* considered in [0, +00) attains
its maximum at the point x = 1.
The case of equality requires some analysis.
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Inequalities of Carathéodory and Livingston

Class P: analytic functions in D with Re f(z) > 0 and f(0) = 1.

Lemma. (Carathéodory) If fe P, f(z) =1+, 4 pnZ"
then|pn| < 2 for all n > 1. Equality holds if and only if the
representing Herglotz measure is supported on some subsets
of the n-th roots of unity.

Theorem. (Livingston 1969; generalization: I. Efraimidis,
2016). Under the same assumptions,

|Pn — WpkPn—k| < 2max{1,[1 —2wl}.
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The case n = 2: one possible proof

b2
a = Qg (2 +b2>.

9(2) =bg+ b1z +boZ? + ... = bo(1 + p1z+ p22® +...)

Write

where the function between parentheses belongs to the
Carathéodry class. Then
bo 2
P2 — —*P1 5

by the previous inequalities (n =2, k =1, w = —by/2) in the
case when —2 < by < 0. The case by > —2 can also be
handled in a simple way.

|ap| = e 17|y
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The structure of extremal functions

e Theorem. An extremal function for M, must have the form

a]-z—1

f(z) = &= o

1<N<n, >0, |o=1,j=1,2,...,N.

One possible proof (D. Marshall): open mapping theorem.

e There are many parameters to handle and it is not at all
obvious that we must have a complete symmetry:

1 o
N=n, r=-_. aj = ™n,

e Note that the above f is actually f = eg%, where Bis a
finite Blaschke product of degree N < n. Need to show:
B(z) = z".
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Some relevant observations

If f(z) = Zf'io a;Z is extremal for the Krzyz problem (with
ap > 0) then we know that a, > 0.
Also, one can use a variational method to show that

P(\) = an+2a5_ 1A+ ... +2a; A" +2gp\"

has positive real part on the unit circle (equivalently, on the
closed unit disk).
Consequence: a, > 2ag.
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Can also show: if f is extremal, f = €9, and the coefficients of g
are denoted by b;, we have

Re{anby + an_1b1 + ...+ apbn} =0.
Writing

P(z) =2a, [J(z— M),
k=1

and computing P(0), it follows that the zeros A\, of the
polynomial P(\), 1 < k < n, satisfy the condition

n
D" =1.
k=1
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Some special results

One can prove the Krzyz conjecture under some additional
hypotheses on an extremal function such as: a; = 0 for all /
belonging to some / C {1,2,...,n— 1}. Typically, “about a half
of these initial coefficients” are assumed to vanish.

J.E. Brown’s (1985): if a; = 0 whenever 1 < i < (n+ 1)/2 then
the conjecture follows.

Peretz (1991) proved the following:

(@)ifnisoddand ay =ag=...=a, »=0then ay < 1/e,

(b) if, in addition to this, ap = 1/e then a, = 2/e.
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Note: Brown’s assumptions
ai=0 whenever 1<i<(n+1)/2

imply that also b; = 0 whenever 1 <i < (n+1)/2.
Also simple: for n odd, Peretz’s assumptions

a 283:...28,7_2:0
imply that ax = apby for each k € {1,2,..., n}, hence also
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Inductive sets

In what follows, the sets / of indices as in the papers by Brown
and Peretz will be called inductive sets. This will lead to further
examples and a unified proof of the conjecture under other
similar assumptions.

Fix ne N, n> 2. Given K € {1,2,3,...,n— 1}, define

k ={c=(cy,c2,...,00) €C": ¢;=0for alli € K}.

By an additive semigroup or simply semigroup we will mean a
subset of N closed under addition. For K ¢ {1,2,3,...,.n— 1},
denote by G(K) the additive semigroup generated by
(Ku{n})® =N\ (KU {n}).
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Letne N, n>2,and g > 0.

A subset I of {1,2,3,...,n— 1} is said to be n-inductive if

an = agbp for all a € C} and b € C" that satisfy the recursion
formulas for a; and b;.

A subset J of {1,2,3,...,n— 1} is said to be exponentially
n-inductive if a, = agbn, for all a € C" and b < C’] that satisfy
the recursion formulas for a; and b;.

We will sometimes suppress the integer n and simply say /is
inductive or J is exponentially inductive when the value of nis
understood.
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The following lemma allows us to have enough examples.

Lemma. Fixne N, n> 2, ay > 0.

(@ Let/={i: 1<i<n-—1,a =0}. Then /is n-inductive if
and only if n ¢ G(/).

(b)yLetd={j: 1 <j<n—1,b;=0}. Then Jis exponentially
n-inductive if and only if n ¢ G(J).
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The situation considered by Peretz corresponds to the
semigroup G(/) =2N = {2,4,6,8,...}.

In Brown’s result, G(/) is the semigroup generated by the set
{ieN: (n+1)/2<i<n-1}

In both cases, as observed before, | = J hence G(/) = G(J).

There are other examples of inductive sets with density about
1/2in1,2,...,n—1.
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Summary of observations

Let f = e9 be extremal and let g; and b; be as before. Then

ap > 0 (in fact, a, = M, > 2/e). May assume: by < 0. Know:
(1) 2ag < ap (variation).

(1) N < nin the formula for the structure of extremal functions

ajzf1

f(z) = €= o
and also Re b, < 2|by| (by Carathéodory’s lemma).

(1) The polynomial P(z) = ap+ 2a,_12 +...2a12"" +2ayz"
has non-negative real part on the closed unit disk D and
strictly positive real part on D.

(1v) The zeros \;, 1 <j < n, of the polynomial P satisfy
M| >1for1 <k <nand (—1)"[Tp_qs M > 1.
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A trick of F. Wiener

If [f| <1inD, f(Z) = 32 azX, and w = €2™//" is the primitive
n-th root of unity, define the function

1 n—1 00
Waf(2) = — D fwf2) =) awz™ = H(Z").
k=0 k=0

oo
H(z) = amz" = ag + anz + an2® + . ..,
k=0

also bounded by one and with H'(0) = aj.
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Various equivalent forms of the conjecture

Theorem. Let n > 2 and consider an arbitrary but fixed
extremal function f for the normalized Krzyz problem. Write
f(z) = Y20 a2, 9(2) = X720 b2/, and f = €9 as before, and
consider the quantity By, the polynomial P and its zeros as
described.

(I) The following statements are equivalent:
(1) an = 2ap;

(2) ax = 0 whenever 1 < k < n;

(3) by = 0 whenever 1 < k < n;
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(4) f(2) = eZ"-1/(Z"+1) (and, in particular, M, = 2/e);

(5) the set I consisting of all indices i € {1,2,...,n— 1} for
which a; = 0 is n-inductive;

(6) the set J consisting of all indices j € {1,2,...,n— 1} for
which b; = 0 is exponentially n-inductive;

(7) there exists an analytic function H in D such that |[H(z)| < 1
forallze Dand k € N, k > n/2, with

9(2) = (Z"H(z) = 1)/(Z"H(2) + 1);
(8) the zeros of the polynomial P satisfy (—1)"[[i_; Ak = 1;

(9) the zeros of P all lie on the unit circle;
(10) the zeros of P are actually the n-th roots of —1;
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(11) anbg + agRe {bp} = 0;

(12) Re{a1bp_1 + @abp_2+ ...+ ap-1b1} =0;
(13) an = agRe by,.

(14) Rebp, =2|bg|, N=n,and ry =, = = Ip;
(15) By = 1; W, f does not vanish in ;

(16) Wrf = f;

(17) g = Whg.

(1) In addition to the above, the following is true: there is a
unique extremal function for the normalized problem if and only
if every extremal function for this problem satisfies any one of
the conditions (1)—(17) from part (I), and therefore all of them.
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(1) = (2): Know that the coefficients of any extremal function f
satisfy:

Re {ap +2ap 4\ + ... +2a )" +2a,\"} > 0.

whenever |\ = 1.
Write
wk:e(2k+1)7ri/n’ k=0,1,....n—1,

for the n-th roots of —1. By the assumption Re a, = 24y, for
each value
A=wk, k=0,1,....n—1,

we get
Re{ap +2wjag} =0.
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Thus, foreach k =0,1,...,n— 1 we get
Re{an_1wk+...+a1w£‘1} >0 (1)

By basic algebra, for any fixed j with 1 <j < n— 1 we have
n-1
> Wi =0.
j=0

Summing up over k =0,1,...,n— 1 all terms that appear on
the leftin (1), we get

n—1
ZRe{anqwk + ..+ a1w,'(7_1} =0.
k=0
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Since every summand is non-negative by (1), each one of them
has to be zero:

Re{an_1wk+...+a1w2_1}zo,
k=0,1,...,n—1, hence also

Re {an + 28, 1wk + ... +2ajw] ' +2awp} =0,
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When A = e, t € [0, 27], the restriction of Re P to the unit
circle:

T(t) =Re{an+2ap 1A +...+2a; 2" +23)\"}

is a trigonometric polynomial of t of degree n and with real
coefficients. Since T(t) > 0 on the circle, Fejér's lemma tells us
that ‘

T(t) = (v + 71 A+ ... 9mA)?, A=é".
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The complex polynomial
P(z) = (o +11Z +...702")

has 2n zeros counting the multiplicities, each zero being
obviously of order at least two.
We know that this polynomial has at least n distinct zeros

which are roots of —1, so each one of these zeros must be
double and hence P cannot have any other zeros.
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Thus, the polynomial factorizes as
P(z) = (o+mz+...m2")?
= crﬁ(z —wk)?=C(z2"+1)2.
k=0
Hence

Re {an+2ap,_ 1A+ ...+ 2a A" 4+ 2g5\"}

= [C(A"+1)?| = 2|C|Re {\" + 1}

for all A on the unit circle.
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Simple exercise: two polynomials whose real parts are equal
on the unit circle must coincide everywhere, except for an
imaginary constant.

Thus, we have

an+2ap1z+...+2a12" " +2a,2" =

IC|(z2" +1) + ic, zeC,ceR.

We know that actually a, > 0, hence
c=0,

ap =2ap = 2|C|,
31232:...23,7_1:0,

which proves (2).
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(2) = (3): Induction.
(3) = (4): The recurrence relations

n—1 Kk
an:Z<1—n>akbn_k, n21

k=0
yield

b _
an = agbp = |agby| = |bg|e™1Pol |

=n
bo
The function g/by belongs to the normalized class P so
Carathéodory’s lemma applies: |by/by| < 2. The function xe™*
achieves its maximum 1/e at x = 1. Thus, |a,| < 2/e and we
must have |a,| = 2/e.

An analysis of the case of equality yields that by = —1, b, = 2,
hence f is the function we expected.
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e According to the above findings, proving the conjecture
essentially amounts to showing that N = nin
ajzf1

f(z) = & e

)

and the following three sets of numbers actually coincide:

- {aq,...,an}, the rotation coefficients in the point masses
in extremal functions,

- {w1,...,wn}, the n-th roots of —1,

-{)\1,..., An}, the roots of the polynomial P associated

with the extremal function f,
- the zeros of Re P = Q% on T.

e Alternatively, it suffices to show the uniqueness of the
extremal function for the normalized problem. Although
unpublished so far, this fact seems to be known to several
experts.
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Some new equivalent forms

Theorem. Let f be a singular inner function with N atoms,
N < n. Then the following statements are equivalent:

(A) The Krzyz conjecture is true: M, = 2/e and, moreover, the

n

only extremal function is f(z) = e,

B) N=n,b,=2,and by = —1.

(¢) N=nandReb, =2|by|.

(D) N =n,theset{ay,...,an} coincides with the set of all n-th
roots of some number o of modulus one and, moreover,
Re P(ak) =0foreach k € {1,2,...,n}.

() N =nandthe set{ay,...,an} coincides with the set of all
n-th roots of some number o of modulus one.

Note that this allows us to remove one requirement from an
earlier condition
(14) Reb, =2|bg|, N=n,and ry =r=...=ry.
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THANK YOU!
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