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D={zeC:|z| <1}
T={zeC:|z]| =1}
@ : D — I analytic self map of D

aq(z) = 1‘7__622 , g €D Mobius transformation

D(g,r) = {z €D :|ag(z)| < r}, r € (0,1)
H(ID) is the set of analytic functions on D
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Composition operators

o C,f =foyp
e C, is a linear operator

@ Let © be a non constant self map of D
By the Open Mapping Theorem for analytic functions, ¢(ID) is
an open subset of D

e C,: H{D) — H(D) is one to one
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The Hardy space H?

e H? is the Hilbert space of analytic functions f on D

oo oo
F(2) =Y anz", [Ifll}p =D lan]* < oo
n=0 n=0
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The Hardy space H?

e H? is the Hilbert space of analytic functions f on D

oo oo
F(2) =Y anz", [Ifll}p =D lan]* < oo
n=0 n=0

@ an equivalent norm on H? is given by

IF120 = |FO)2 + / (1— |212)|F(2) PdA(2)
D

Maria Tjani Cp,: BMOA — BMOA



BMOA

@ BMOA is the Banach space of analytic functions on D

|flle = sup|[|f o ag — f(q)][pe < o0
qeD
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BMOA

@ BMOA is the Banach space of analytic functions on D

Iflle = SuprO% — f(q)||p2 < o0
qeD

I£]2 = sup / F(2)2 (1 - |ag(2)]2) dA(2)
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BMOA

@ BMOA is the Banach space of analytic functions on D

Iflle = SuprO% — f(q)||p2 < o0
qeD

I£]2 = sup / F(2)2 (1 - |ag(2)]2) dA(2)

@ The norm we will use in BMQOA is:

1fllBmoa = |£(0)] + |[F]]+
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Composition operators on BMOA

C, is always a bounded operator on BMOA
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Composition operators on BMOA

C, is always a bounded operator on BMOA

IFoul? = sup / (F o 0) (2)P(1 - |ag(2)|?)dA(2)
qgeD JD

— sup [ F(e()PIF ()R~ ag(2))dA)
D

qeD
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Composition operators on BMOA

C, is always a bounded operator on BMOA

[foull =

sup / (F o 0) (2)P(1 - |ag(2)|?)dA(2)

qgeD JD

sup / 7(0(2)) 10 (2) 2(1 — |ag(2) 2)dA(2)
qeD

sup [ 1F(OR S (1 |ag(2)) dAC)
qE]D),/ Z) ¢
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Counting functions on BMOA

For each g € D
@ we define the BMOA counting function by

Noo(Q) = D (1—lag(2))

p(z)=¢

if ¢ & o(D), Nq,sO(C) =0
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Counting functions on BMOA

For each g € D
@ we define the BMOA counting function by

Noo(Q) = D (1—lag(2))

p(z)=¢

if ¢ & o(D), Nq,sO(C) =0

ICFR = sup / () Nq.0(C) dA(C)
D

qeD
< const. ||f||Z
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C, bounded below, closed range on BMOA

@ C, is bounded below on BMOA < 3C > 0 such that
Vi € BMOA

1f]|BMmoa < C||f o ¢llBmoA
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C, bounded below, closed range on BMOA

@ C, is bounded below on BMOA < 3C > 0 such that
Vi € BMOA

|f]lBmoa < ||f o ¢||BMOA
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C, bounded below, closed range on BMOA

@ C, is bounded below on BMOA < 3C > 0 such that
Vi € BMOA

|f]lBmoa < ||f o ¢||BMOA

@ C, is bounded below on BMOA < Vf € BMOA

£ o el = [If]l
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C, bounded below, closed range on BMOA

@ C, is bounded below on BMOA < 3C > 0 such that
Vi € BMOA

|f]lBmoa < ||f o ¢||BMOA

@ C, is bounded below on BMOA < Vf € BMOA

£ o el = [If]l

e We say that C, is closed range in BMOA if C,(BMOA) is
closed in BMOA

@ C, is closed range < C, is bounded below
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C, closed range

o C,: H? — H?
J. Cima, J. Thomson, W. Wogen (1973)
v(E) := m(¢~1(E)), for E any Borel subset of T
dv

C, closed range on H?’ & 7 essentially bounded away from 0
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C, closed range

o C,: H? — H?
J. Cima, J. Thomson, W. Wogen (1973)
v(E) := m(o 1(E)), for E any Borel subset of T

C, closed range on H’ < g—; essentially bounded away from 0

@ N. Zorboska (1994), K. Luery (2013) and P. Ghatage, MT
(2014)
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Sampling sets in BMOA

@ We define H C D to be a sampling set for BMOA if for all
f € BMOA

()2 (1 = laa(2)]? zZ) < 2
sup/H\uz)r (1— |ag(2)[2) dA(z) = |||

qeD
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Sampling sets in BMOA

@ We define H C D to be a sampling set for BMOA if for all
f € BMOA

()2 (1 = laa(2)]? zZ) < 2
sup/H\uz)r (1— |ag(2)[2) dA(z) = |||

qeD

@ Foreache >0and ge D

Ge g = {¢ Nq,w(() >e(1— ‘Oéq(C)F)}

@ C, is closed range on BMOA = 3 ¢ > 0 such that UyepG: 4
is a sampling set for BMOA

Maria Tjani Cp,: BMOA — BMOA



Sampling sets in BMOA

@ We define H C D to be a sampling set for BMOA if for all
f € BMOA

()2 (1 = laa(2)]? zZ) < 2
sup/H\uz)r (1— |ag(2)[2) dA(z) = |||

qeD

@ Foreache >0and ge D

Ge g = {¢ Nq,w(() >e(1— ‘Oéq(C)F)}

@ C, is closed range on BMOA = 3 ¢ > 0 such that UyepG: 4
is a sampling set for BMOA

® NgepGe g is a sampling set for BMOA = C,, is closed range
on BMOA
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Carleson measures

@ Let 1 be a finite positive Borel measure on ID. We say that u
is a (Bergman space) Carleson measure on D if there exists
¢ > 0 such that for all f € A2

[ F@F du(z) < [ 1) dAz)
D D

@ Let 0 < r < 1. Then u is a Carleson measure if and only if
there exists ¢, > 0 such that for all g € D,

u(D(q,r)) < cr A(D(q; r))
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Carleson measures

@ The Berezin symbol of 1 is

fi(q) = / ol () du(z), qeD.

@ 4 is Carleson measure if and only if ji is a bounded function
on D
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Carleson measures

@ The Berezin symbol of 1 is

fi(q) = / ol () du(z), qeD.

@ 4 is Carleson measure if and only if ji is a bounded function
on D

® g, g €D, is a collection of uniformly Carleson measures if
and only if the Berezin symbols of p, for all ¢’ € D, are
uniformly bounded in D.

@ Recall

ICFI2 = sup / £(C) 2Ny o (¢) dA(C) < comst. ||f]|2
qgeD JD

@ The measures Ny ,(¢) dA(C) are uniformly Carleson measures
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Dan Luecking and the RCC

@ Let 1 be a finite positive Carleson measure on ID. We say that
(v satisfies the reverse Carleson condition if 3 r € (0, 1) such

that
n(D(q,r)) < A(D(q,r)), q€D

@ G C D satisfies the reverse Carleson condition if the Carleson
measure Y (z) dA(z) satisfies the reverse Carleson condition.

Luecking &
/ 1f(2)]? dA(z) < C / f(2)|? dA(z), Vf € A
D G

< A(GND(qg,r)) <A(D(q,r)), ge D
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Gs,q’,q

@ A subset H of D satisfies the reverse Carleson condition if and
only if H is a sampling set for BMOA.
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Gs,q’,q

@ A subset H of D satisfies the reverse Carleson condition if and
only if H is a sampling set for BMOA.

@ Foreache >0and q,¢' € D

Ge,q’,q = {(: Nq’,go(C) >e(1— ‘QQ(C)F)}
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@ A subset H of D satisfies the reverse Carleson condition if and
only if H is a sampling set for BMOA.

@ Foreache >0and q,¢' € D

Ge,q’,q = {(: Nq’,go(C) >e(1— ‘QQ(C)F)}

0o 3k>0VqgeD [lagop|l, > ke 3e>0,re(0,1) such
that V g € D, 3 ¢’ € D such that

|Gz qr,q N D(q, r)|
|D(q,r)|

= 1. (1)
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RCC - Geometry of disks - Luecking 1981

Given a measurable set F, the following are equivalent:

@ 36 >0, re(0,1) such that V disks D with centers on T,
IFND|>5DND).
@ 469 >0,1n€(0,1) such that Vg e D
[FND(g,n(1—1q]))| > do D (q,n(1—q]))]|.
@ 161 >0, re(0,1) such that Vg € D

|[F N D(q,r)| > 61|D(q,r)|.
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RCC like sets - Geometry of disks

Given a collection of measurable sets F,, g € D, the following are
equivalent:

@ 36 >0, re(0,1) such that V g € D and V disks D with
centers on T, 3 g’ € D such that

F,ND|>38DND|.
@ 409 >0,n€(0,1) such that V g € D 3 ¢’ € D such that
[Fg N D (q,n(1 —|q[))[ > do [D(q,n(1 —[q])) |-
@ 401 >0, re(0,1)such that V g € D 3 ¢’ € D such that

|Fg N D(q,r)| > 01|D(q,r)|.
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A reminder

@ G C DD satisfies the reverse Carleson condition if the Carleson
measure x¢(z) dA(z) satisfies the reverse Carleson condition.

Luecking &
/ 1f(2)]? dA(z) < C / f(2)|* dA(z), Vf e A
D G

= A(GND(q,r)) = A(D(q,r)), gD
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A reminder

@ G C DD satisfies the reverse Carleson condition if the Carleson
measure x¢(z) dA(z) satisfies the reverse Carleson condition.

Luecking &
/ 1f(2)]? dA(z) < C / f(2)|* dA(z), Vf e A
D G

< A(GND(qg,r)) < A(D(q,r)), geD
@ Jk>0VqgeD|lagoyp|ls >k Je>0,re(0,1) such
that Vg € D, 3 g’ € D such that

’Gs,q’,q M D(q, I’)‘
ID(q,r)|

e = C, : BMOA — BMOA is closed range?

= 1.
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@ The Bloch space B is the set of functions f analytic on D
such that

1flls == [F(0)| + |If|[s = |F(0) +Sug|f'(2)|(1 —|z]%) <

zZe

Maria Tjani Cp,: BMOA — BMOA



@ The Bloch space B is the set of functions f analytic on D
such that

1flls == [F(0)| + |If|[s = |F(0) +Sug|f'(2)|(1 —|z]%) <

ze
Q
f[|s = sup ||f o aq — f(q)||a
qgebD
Q
]|« =< sup [|f o ag — F(q)|H2
qgeD
e BMOAC B
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C, : B— BMOA

o C, : B— BMOA is closed range <
de>0,re(0,1)such thatV g € D, 3 ¢’ € D such that

‘Gs,q’,q N D(q,r)|

= 1.
1D(q, )|
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C, : B— BMOA

o C, : B— BMOA is closed range <
de>0,re(0,1)such thatV g € D, 3 ¢’ € D such that

‘Gs,q’,q N D(q,r)|

= 1.
1D(q, )|

e C, : B— BMOA is closed range < 3 k > 0 such that
‘v’q cD H()quQOH* > K
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C, : BMOA — BMOA, etc.

© C, : BMOA — BMOA is closed range = 3 k >0Vqgec D
lag ool = k

Maria Tjani Cp,: BMOA — BMOA



C, : BMOA — BMOA, etc.

@ C, : BMOA — BMOA is closed range < 3 k >0Vqe D
g ol > k
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C, : BMOA — BMOA, etc.

@ C, : BMOA — BMOA is closed range < 3 k >0Vqe D
lag ol = k

@ Assuming that C, : X — X is a bounded operator,
C, : X = X isclosed range <+ 3 k >0Vqge D
|ag 0 ¢||x > k, where X = B, Besov type spaces, Q,
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C, : B — B versus C, : BMOA — BMOA

@ J. Akeroyd, P. Ghatage, M. T:

C, is closed range on B < |lago¢|lp <1, g€ D
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C, : B — B versus C, : BMOA — BMOA

@ J. Akeroyd, P. Ghatage, M. T:

C, is closed range on B < |lago¢|lp <1, g€ D

@ C, is closed range on B = (, is closed range on BMOA.
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C, : b — B versus C, : BMOA — BMOA

@ J. Akeroyd, P. Ghatage, M. T:

C, is closed range on B < |lago¢|lp <1, g€ D
@ C, is closed range on B = (, is closed range on BMOA.

@ P. Ghatage, D. Zheng, N. Zorboska: for ¢ univalent

C, closed range on BMOA = (, closed range on B

@ We conclude:
C, is closed range on B < (, is closed range on BMOA
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C, : H? — H? versus C, : BMOA — BMOA

@ N. Zorboska (1994):

C, is closed range on H? < 3 ¢ > 0 such that the set

Geoo={CeED: Y (1—1z*)>e(l—[¢)}
©o(z)=C

satisfies the RCC
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C, : H? — H? versus C, : BMOA — BMOA

@ N. Zorboska (1994):

C, is closed range on H? < 3 ¢ > 0 such that the set

Geoo={CeED: Y (1—1z*)>e(l—[¢)}
©o(z)=C

satisfies the RCC
o K. Luery (2013), P. Ghatage and MT (2014)

C, is closed range on H> & V g € D |q| ||ag o ||y =< 1

Maria Tjani Cp,: BMOA — BMOA



C, : H? — H? versus C, : BMOA — BMOA

@ N. Zorboska (1994):

C, is closed range on H? < 3 ¢ > 0 such that the set

Geoo={CeED: Y (1—1z*)>e(l—[¢)}
©o(z)=C

satisfies the RCC
o K. Luery (2013), P. Ghatage and MT (2014)

C, is closed range on H> & V g € D |q| ||ag o ||y =< 1

@ C, is closed range on H? = C, is closed range on BMOA
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lago ¢l < 1, g € D

o J. Laitila (2010)

iIsometries among composition operators on BMOA using the
seminorm ||f||¢g ,

Iflle = sup|[|f o ag — f(q)|[n2 < o0
qgeD
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lagowll. <1, geD

o J. Laitila (2010)

iIsometries among composition operators on BMOA using the
seminorm ||f||¢g ,

Iflle = sup|[|f o ag — f(q)|[n2 < o0
qgeD

@ Below we give another characterization of closed range
composition operators on BMOA:

d k € (0,1] such that V g € D, ||ago ¢« > k &

1 k € (0,1] such that V g € D 3 ¢’ € D with
lag(q')]° < 1 — k2, 3 a sequence (g,) in D such that
p(qn) — q' and

Tim a1 > k.

where V' n, pq, = Qy(q,) © P © Qg,
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Recall

Ve>0and g, €D

Geyqrig = 1€+ Nor,p(€) > e (1 —ag(Q)1*)}
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Main theorem: The following statements are equivalent:

(a) Tk>0V qgeD|lagop|l« >k

(b) 3e >0, r € (0,1) such that V g € D, 3 ¢’ € D such that

’G‘S?q/aq m D(q7 r)‘ X 1
1D(q, r)]

(c) C, : B— BMOA is closed range

(d) C, : BMOA — BMOA is closed range

(e) 3 k € (0,1] such that V g € D 3 ¢’ € D with
|04q(qf)!2 <1 — k2, 3 a sequence (q,) in D such that ¢©(qg,) — g
and

im {lpg,|l2 > k

n—oo

where Vn, ©q, = Qy(g,) © ¥ © Qg,
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