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Variation of torus and cross-ratio under gc-mapping

elliptic modular function (1)

H > 7 = modulus of torus » cross-ratio € C \ {0,1}

1. Integral estimate on |log f(z1) — log f(z2) 1 — |1og f(z1) — log 2
21 2, f(22) 9.

Z1 __ 21—0 z9 — OO

zo  z2z9—0 z1—00

e Conformality at a pt: Teichmiiller-Wittich-Belinskii’s theorem
o ClTo conformality: f(z) = f(0) + f/(0)z + O(|z|1T%)

e Construction an entire function of class B with finite order
having a wandering domain. D. Marti Pete’s talk.

2. Differentiability of qc-mappings w.r.t. a parameter (Ahlfors-Bers

e More precise estimate on the variation of torus

e An integral-differential equation for elliptic modular function A(7)



Quasiconformal mappings

Definition: A mapping f : Q — ' between open sets 2, Q" in C is
called quasiconformal if

(i) f is an orientation-preserving homeomorphism;
(ii) fz, fy (in the sense of distribution) € L] (C);

loc

i) Denote uy(2) = 22 ap o = Lt lpg(2)
() Denote () =7 Gy 2nd &) = )

[ flloo <1 (or equivalently K (f) = esssup D¢(2) < 00).

, then

e (Qc-mappings are almost everywhere differentiable but not everywhere.
e (Quasi-invariance of conformal invariants— moduli of annuli, quadrilaterals.

e Measurable Riemann Mapping Theorem: Given yu € L (C),

3 fu : € — C quasiconformal with py, = p a.e.
(unique with f(0) =0, f(1) =1)

o If = ps € L°°(C) is differentiable in s in L*° sense,
then f,_ (z) is differentiable with respect to s.



Key Inequality. Fix K > 1. There exist 0 < ; < 1 and C > 0 such
that if f : C —» C K-quasiconfromal , f(0) = 0 and 0 < |zo| < 61|21],

then
log f(Zl) . log f(ZQ) S CJ(,LLf, 21, 2,2)7
Z1 “2 |c/2miz
where @, ., ( and

z(z zl)(z Z9)

|p]?
J(p, 21, 29) = 2‘// Dy 25 ( dxdy|—|—2// Oz .2, (2)]|dzdy.
( 1 — |pul? 1—Iu\2’ (=)

If |Z2’ << ’Z| << ’Zl‘ thel’l g@zl 22( ) Y —22 (with integral estimates).

Theorem (Teichmiiller, Wittich, Belinskii) Let f : C — C qusasicon-
formal mapping, and assume that

"u f\z ‘d$ dy (1) classical proofs
0<|z|<1 | Z > radial and angular
( ~) — (O) differentiability

— f/(()) 7£ 0. separately

Then f is conformal at z =0, i.e. d1lim
z—0 2 —0

Theorem (Gutlyanskii-Martio) Same conclusion under weaker conditions:

2 dx d dx d
// |'uf ) 2 * 2y < oo and lim // Z) xzy exists.
z1<1 1= |up(2)|? |2 m™NO J Jrcpzj<1 1 — |Mf 2)|*? =




The Grotzsch inequality (Where 1t all starts)
E; =C/(Z+Zr) = C/(Z+ Zr*)

[

L< [\ fulde = [ 1f + felda = [ 11+ pll £o]da

Imr
<Irm>2</ ) (// !1+quz\d:de)
—|—u2
], ot ], 2t
1 2
—Im 7" // | +"u}2dxdy
I

/S +|“’l2d:r;dy << . [, 1 dady

ImT

Hence

<ImT*K(f)>.

Im7 <Imr7*
ImT



Lemma. Let 7,7 € H. If there exists L > 1 such that

......
«

for any A = (Z Z) € SL(2,7Z), ImA(m) < LIm A(m),
then  dyg(m,72) <log L. :
Ll? g E ]
By Im7<Imr7* ffET Llu] / ._
Im 7 °TO -

and the change of basis of Z 4 Zt \
by (CcL Z) € SL(2,7), which has an effect T

. aT+b

i0
> orgg and g e,

T |

Torus version of Grotzsch-type ineq.

1+e% 2)|?
SUPgeRr ffET ‘ 1—|u?{z()|)2| dx dy

du(t,7") <log K s := log -
m T

z)dxd 2)|?dxd
where I = i [, {505 and I = o [[ HE0EE

.
.
-----



From torus to cross-ratio
B, =C/(Z+Zt)  (via elliptic functions and elliptic modular function)

T

Torus F, (7 € H)

with generators 1,7
1 A

p, | (branched)
double cover

\4

A7) 1= (¢ = =5 3=

1s the cross-ratio
of 4 branching pts

Quadruple of points
with marking 1, o

Differential equation (p’T (w))2 = Cr Pr (w)(pr (w) — 1)(297 (w) — C)

cr 1s determined by % = f:o N d_zl)( —¢)

Fact. \: H — C~ {0,1}, 7 — ( is a universal covering.

Elliptic modular function



Suppose f : C — Cis K-qcand (0,1, 00,() —

[ /*/ )

pT

(0,1, 00, (*) with marking.

du dv fi(w)

2z = pr(w)
(E) =crz(z—1)(2 =)

Grotzsch-type ineq for cross-ratio (Teichmiiller)

d@\{g 1}(< C*) = d]H[(T T*) < 10g<1 + 2|Il‘ —+ 2]2) < 2|11’ + 2[2 =
< log K (classical)

where

J(p, 21, 22) —2|// . ngzle 2)dxdy
Je(21, 22) = / |P21,20 (2)|dxdy With ¢, 2, (2) =

dz dy pr(w)
7, (w)P HE) o )
B dx dy
erz(z = 1) (2 = Q)
J(p,1,¢)
J.(1,¢)

+2// Ll | (2)|dzdy
1 . ’ ‘2 9021 2 )

z(z — 21)(7; — 29)



Proof of Key inequality

Lemma. For L =log K, 0 < d91 <1, 3Cy > 0 such that
if dC\{O,l}(Cla Cg) < L and 0 < ‘Cl‘ < 01, then

1
[ log ¢1 — log C2|c/2riz < Co dew 0,13 (€1, C2) log —— Gl
Idea of pf. ds ~ |z||1gz| — near 0, hence C log o | < log = o] < Cy log = el

Tz[ |
| log ¢1—log C2‘<C/2m;Z < f ) ’%’ < (Y fo ds log o] = Co dC\{O,l}(CL () log ﬁ

Suppose f : C — C K-quasiconfromal , f(0) =0 and 0 < |z2] < d1|21]-
Set (1 = 22 and (2 = 1(22) Then

f(z1)"
21 Z2 1
log 182 —1og £22)|  —Jlog ¢y — log Goleamiz < Codeo,1)(Cr, 2) 10g
1 2 1C/2miz |C1|
J(,LL721,ZQ) 1
< C log — < C'J(u, 21, 22).
= L z) 1] (21, 22)
Here J,(z1,29) > Cylog IZ} s 20 (2) ~ =% for |zo] < |2] < |21].

(J(u,zl, Z2 = 2 ‘ff(c 1— |'u|2 Pz, 22( dxdy‘ + 2ff(c 1|'u| ‘@zl,zg (Z)|d£l?dy, Pz1,22 (Z) = z(z—zlz)l(z—zg) )

mE



Other applications of Key inequality

Theorem Let f : C — C be a quasiconformal mapping and suppose
that for some 5 > 0,

dx d
// H2)) 5 v 2y is finite and has order O(r”) (r \, 0).
2i)z<ry 1 — !M(Z)’ 2|

Then for any 0 < a < %, f is C'T%-conformal at 0, i.e.

f(2) = f(0) + f'(0)z +e4(2) with e4(2) = O(J]z|'T*) as z — 0.
cf. Schatz, McMullen

Theorem (with D. Marti Pete) There exists a transcendental entire
function of finite order with bounded singular values such that it has an
oscillating wandering domain.

cf. Bishop's construction using qc-folding

Estimate on log @ for a qc ¢ whose pg has support in disks B,,’s such
that radius(B,,) < d(0, B,,) and B,,’s are far aprt from each other.



Differentiability with respect to a parameter
Theorem. (Ahlfors-Bers) Suppose u;, v € L>°(C) (t € [0,to]), no = 0,

H/,Lt(Z) — tV(Z)HOO — O(t) (t — O) (differentiable in L°° sense).

Let f; : C — C be the quasiconformal mapping satisfying ¢, = p:(2) a.e
and f;(0) =0, f;(1) = 1. Then for ( € C . {0,1}, f:({) is differentiable
with respect to t at ¢t = 0 and the derivative is given by

O f(C) B —1) da:dy
ot |, //@ 2(z — 1 — ()

The classical proof relies on heavy machmery of the measurable Riemann
mapping theorem using singular integral operators and Calderon-Zygmund ineq.

We derive the parametric differentiability with a weaker assumption via the
variation of cross-ratios.

Theorem. Suppose ||u]|oc = 0(v/t) and [/ Zétf’?)céﬁdyc) =tJo + o(t)

(t — 0). Then f;(() is differentiable with respect to t at t = 0 and the
CJACS) I Y
t=0 "

derivative is given by



back to torus
Theorem. Suppose f E — E« quasiconformal, ,u ,uf Define

sdrdy, 1 sdxd
h= ImT// 1—|,u v Sz = ImT// 1—|,u v

2Im I, + W(1 + 215)2 — 4]1 |2

K =+/(1+21,)2 —4]I,|2
14+ 2Rel; + 21, ! V(1+2D) 117,

T=Rer+Imr7

. —I + 15 — |IL|? = Iy + I35 — |1 |?
T = 21 R =21 ,
T T T o Re I, + 215 T oRe I, + 20
Then du(r*,7) <logK and |r*—7| <R. T*E®

o7
Corollary. Suppose fs: B — E «() 1s a family of

qc-mappings (s € |0, sg]). Let I1(s), I2(s) be

corresponding integrals of pg = py. .
If I1(s) = sl + o(s), I2(s) = o(s) (s — 0), then

dT*(s)

= —27j1 Im 7.




variation of cross-ratio

with fs(O) =0, fs(l) =1, pus = py, (S = [0730])'

o Suppose fs : C — C is a family of gc-mappings,
. ET/ f / . ET*/

Let fs B — Eres) be a lift, i, = [7 -

- _f, Fixcec\{o,l}. Then £,(C) = A(r*(s)).
e ol s\ < dxd
Define J1(s) = [fo =f\thm ety
s (2)]° dzdy
J2 ff@ 1— |,uSC§zZlQ |cTz(z—1)I(z—C)|’
zdy _ Im~
—ff@ -1l = 2

Then Il(S) = Jl( )/J*, IQ( ) JQ(S)/J*
By Corollary, if J;(s) = sJ1 + o(s), J2(s) = o(s) (s — 0),

0fs(C)
0s

= X(7) dg (0) = N (7)(=2iJ, —

)Im 7 = —4iN (1) J;.

<=0 Im T

This is the case if ||us]|co = 0(v/s) and [ “S(z)dxdy) = sJo + o(s),

z(z—1)(z
therefore afg_p‘ = —43 /\/C(:) Jo.




In order to determine the coefficient, we only need to consider one ex-
ample. Let fs(2) = 2z 4+ sh(z), where h(z) is smooth and supported
on a small disk around ¢ and h(¢{) = 1. Then f;(() = ¢ + s and
ts(z) = shz(z) + O(s?), hence by the previous formula and Pompeiu
formula,

0fs(¢) dwdy _ AN o
5= [ e e

Hence we obtain the formula afé_gc) = _g((ﬂ_—l)jo_

1 =

t=0
As a byproduct, we obtain:

Integral-differential equation for elliptic modular function A(7)

0 > ?
/\,(T) - ’/TLZ)\(T)(/\(T) _ 1) (/ \/Z(Z _ ]j(z — )\(7-))) " reference??

Agard’s formula for the Poincaré metric p(z)|dz| of C \ {0,1}:

i Tl | e




Outline of Proof of Main Estimate
Lemma. Let 7, » € H. If there exists L > 1 such that

for any A = (a b) € SL(2,7Z), ITmA(11) < LIm A(7y),

c d
or I'(2)
then dy(m1,m2) <logL.

Look for 7 and L such that for all ¢, d

* 2
ImA(7) K LImA(T") <= " +d

Im7*

< L—

ImT

On the other hand, Grotzsch inequality after change of basis gives:

|c¢*+d|2<(|w+d|2) /] 1+ () erial” dudy

Im 7* Im 7 1 —|u(2)]? |er +d|?

(et +d)+ (cT+ d)p (z)|2
Imf // L uE  ©W

We only need to find 7 and L so that the right hand side of two
inequalities coincide, i.e. just match coefficients of ¢?, cd, d?.

Such 7° and L can be expressed in terms of
= ImT ffE - Tézi)lgda:dy and Iy = ImT ffE 1"?2@ |2da:dy.



Example

1s(2) = s1/2X04(2) + sv(2) |
Aq(2) fast oscillating, e.g. \s(2) = eP9)? with p(s) — oo fast



