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Spaces over the disc

Definition
Dirichlet-type space, D,, is:

{f € Hol(D = > aZ I3 =D lakP(k +1)* < oo}
keN =

a= -1, A2 = Hol(D) N L2(D)
a=0, HE — Hol(D) N L?(T)
a =1, D = Hol(D) N {A(f(D)) < oo}

ea>d=D,cDy,
efeD,&feD,»
@ Hilbert spaces with monomials as an orthogonal basis
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Invariant subspaces

@ The (forward) shift operator is bdd:
S:D, — D, : Sf(z) = zf(2).

A closed subspace V of D, is zX- invariantif SKV c V.
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@ The (forward) shift operator is bdd:
S:D, — D, : Sf(z) = zf(2).

A closed subspace V of D, is zX- invariantif SKV c V.
°

[fl«(= [f]) = span{z*f: t =0,1,2,...}.

Theorem (Beurling, ’49)

For H? (o = 0), M z-inv. subsp. = M = oH? = [¢] and
span(y) = M s SM.

Theorem (Aleman, Richter, Sundberg, '96)
Forao=—1 M z-inv. =

Mo SM] = M.

v
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Wandering subspaces

@ Shimorin ('02) extended ARS’96 to « € [—1, 1] (different ideas for
a < 0 and a > 0). Hedenmalm (’88) studied related problems for
a>1.
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Wandering subspaces

@ Shimorin ('02) extended ARS’96 to « € [—1, 1] (different ideas for
a < 0 and a > 0). Hedenmalm (’88) studied related problems for
a>1.

Definition
M has the zK wandering property if

Mo SKM]c = M.

If YM z¥-inv. subsp. of H, M wandering, then the wandering property
holds for zX in H. )

@ Norm dependent! Really!
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The Problem

@ More work on wandering prop. for other multipliers (i.e. mult. by
an inner function) by Carswell, Duren, Khavinson, Shapiro,
Stessin, Sundberg, Weir...
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The Problem

@ More work on wandering prop. for other multipliers (i.e. mult. by
an inner function) by Carswell, Duren, Khavinson, Shapiro,
Stessin, Sundberg, Weir...

@ CDS’02: Not known whether wandering always holds for mult. by
a finite Blaschke product in A2.

k > 1. For zK in A%, the wandering prop. holds. \

This is the problem we study (but do not solve) today.
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Vk > 6, Va € R, D,, admits equiv. norm || - ||: zK-wandering prop. fails.
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Vk > 6, Va € R, D,, admits equiv. norm || - ||: zK-wandering prop. fails.

Remark (Gallardo-Gutiérrez, Partington, Seco (from Shimorin))

@ Vk > 1,Va < 0, D, admits equiv. norm || - ||: zk—wandering holds.

@ They can be combined: Va < 0 there exists equiv. norm || - ||,
ko, ki € N: zK-wandering fails but z% holds (ki >> kg).

What about the usual norms in D, ?

@ a < —(9k + 28), z¥ wandering fails.

log2 k :
o> ~log(kt 1)’ Z wandering holds.

@ Today focus: o = —16, z8 wandering fails.
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How does M look

a=-16,k =6.
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FZ(Z) =by+ b1z + b222 + b3Z3 + b525

@ ay, bs different role: (226 4 5)F;(z2) + (928 + 8)Fy(2) =

= (¢, ..., C3,5a4,8bs, G, ..., Cg, 284, 9bs, Cy2, ..., €15,0, 0, Cyg, ...)

Seco (ICMAT) Wandering property CAFT2018 7/13



How does M look

a=—-16, k =6.
o M= [F1,F2]ze
@ Fi(2)=ay+ajz+apz? + a3z® + ayz* + ag2® + a;z’ + agz® + a9 2°
Fo(z) = by + b1z + boz? + b3z® + bs2°
@ ay, bs different role: (226 4 5)F;(z2) + (928 + 8)Fy(2) =

= (¢, ..., C3,5a4,8bs, G, ..., Cg, 284, 9bs, Cy2, ..., €15,0, 0, Cyg, ...)

@ = unique expression = “Fourier analysis”

Seco (ICMAT) Wandering property CAFT2018 7/13
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a=—-16, k =6.
o M= [F1,F2]ze
@ Fi(2)=ay+ajz+apz? + a3z® + ayz* + ag2® + a;z’ + agz® + a9 2°
Fo(z) = by + b1z + boz? + b3z® + bs2°
@ ay, bs different role: (226 4 5)F;(z2) + (928 + 8)Fy(2) =

= (¢, ..., C3,5a4,8bs, G, ..., Cg, 284, 9bs, Cy2, ..., €15,0, 0, Cyg, ...)

@ = unique expression = “Fourier analysis”
° = M= {f(2°)F(2) + ©(2°)F2(2) : fi, 2 € Du}
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Linear relations
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Linear relations

feMozM e (f,2%F) =0 (s >1,j=1,2).
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Linear relations

feMozM e (f,2%F) =0 (s >1,j=1,2).

Definition

0 Asq = (Z%CNF;, Z5%F)) = 35 @nas  nwesih
0 Asp = (2°9F;, 2Fy)

® As3 = ||Z55F |2, Asa = || 2%5F2||?

® Ass = (285-1F, 285F;)
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Linear relations

feMozM e (f,2%F) =0 (s >1,j=1,2).

Definition

0 Asq = (Z%CNF;, Z5%F)) = 35 @nas  nwesih
0 Asp = (2°°F, 2°°F)

0 Asz=z%F1 |2, Asa = ||2°F,|I?

0 Ags = (286-VF, 255F,)

Lemma
feM. Thenf | z8M < Vs > 1 both

0 =f(s+1)Asir1+h(s+1)Asi15+F(5)Asa+(s)Asa+Fi(s—1)As

and

~

0= 1(S)As,2 + 7?2(S)As,4 + 7?1(3 - 1)As,5-

v
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Linear conditions

@ Suppose f € Mo z8M. If R R
A1 =As1=As=A35=0= F(2) =1(2) =0.
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Linear conditions

@ Suppose f € Mo z8M. If X R
Apg =As1 =Aps=HA35=0=f1(2) = ~(2) = 0.

o If (previous) + Aq 1 = 0, then M L z8 M spanned by F, and F4
where

64 T
Z°A15A1 2

Fi(2) = F(2)(1 —
4(2) = A(2)( |A1 2% — A1 3A14

)= (1+2°/c)Fi(2).
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Linear conditions

@ Suppose f € Mo z8M. If X R
Apg =As1 =Aps=HA35=0=f1(2) = ~(2) = 0.

o If (previous) + Aq 1 = 0, then M L z8 M spanned by F, and F4
where

64 T
Z°A15A1 2

Fi(2) = F(2)(1 —
4(2) = A(2)( |A1 2% — A1 3A14

)= (1+2°/c)Fi(2).

@ Notice then Fy € [M & z8M] < 1 + z/c cyclic & ¢ > 1.

@ Optimization problem on 12 variables, with 5 restrictions to show
c<1.
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The optimization problem

A1 3A14 — A1 2
|A1 2A1 5]

By := inf <1
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The optimization problem

A1 3Ar 4 — |Ar2?

By = inf
0 |A1 2A1 5]

<1

infon (ay, ..., as, @, ..., @9, by, ..., b3) € C'2:
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The optimization problem

A1 3Ar 4 — |Ar2?
|A1 2A1 5]

By := inf <1

infon (ay, ..., as, @, ..., @9, by, ..., b3) € C'2:

apap boag

i 0 2 A
vla@ | Z (o), wn[oE|_( 0

aoas 0 ’ boag 0 ’

azag bsag
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The optimization problem

A1 3A14 — A1 2
|A1 2A1 5]

By := inf <1

infon (ay, ..., as, @, ..., @9, by, ..., b3) € C'2:

N[ =1of|, NI ]=]| 0],
apag boag
_° 0 _ 0
azag bsag

and N is the 3 x 4 matrix given by

We Wy Wwg Wy
N= w2 wiz wia wis).

w18 W19 W20 W21
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The solution to the problem

@ Restrictions give ag, ..., ag and by, ..., by in terms of ag, ..., a3 and 3
mute variables.
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The solution to the problem

@ Restrictions give ag, ..., ag and by, ..., by in terms of ag, ..., a3 and 3
mute variables.

@ Objective function, homogeneous = ag = 1.
@ Classical calculus techniques reduce from 6 to 3 variables.
@ A simple educated guess gives a good enough result

By < 0.22.
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The solution to the problem

@ Restrictions give ag, ..., ag and by, ..., by in terms of ag, ..., a3 and 3
mute variables.

@ Objective function, homogeneous = ag = 1.
@ Classical calculus techniques reduce from 6 to 3 variables.
@ A simple educated guess gives a good enough result

By < 0.22.

Changing those 12 values in the adequate place of the sequence w will
give an equiv. norm in any D,, with the same result.
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