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To commute or not to commute

Functions

Operators

K=[-1,1

H, Hilbert space

fe [(K) with [f]lx = -

T € L(H) with [ T]] = ---

P : polynomials of degree < n

R, : operators of rank < n.

En(f) = infpep, ||f — PHK

an(T) =infrer, | T — R||.

feC(K) s Ei(f) =0

T eK(H) < an(T)—0

E.(f) = en | O arbitrary (Bernstein)

an(T) = en | 0 arbitrary (trivial)

E.(f) small iff f regular

an(T)small: T €S,,p>0.

Green capacity of K C Q

Green capacity of p(D) C D

Bernstein-Widom formula

Li-Q-Rodr. spectral radius formula

H. Queffélec Approximation of functions and operators. A tentative,

Monday, July 02, 2018

2/25



To commute or not to commute

Functions Operators
K=[-1,1 H, Hilbert space
f e L*(K) with ||f|]jx =--- T € L(H) with ||T||=---

P : polynomials of degree < n R, : operators of rank < n.
E.(f) = infpep, ||[f — Pl an(T) =infrer, | T — R||.
feC(K) s Ei(f) =0 T eK(H) < an(T)—0
E.(f) = en | O arbitrary (Bernstein) an(T) = en J 0 arbitrary (trivial)

E.(f) small iff f regular an(T)small: T €S,,p>0.
Green capacity of K C Q Green capacity of p(D) C D
Bernstein-Widom formula Li-Q-Rodr. spectral radius formula

— What in item 6 if T € C? (Hankel, composition)
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Approximation of functions

Let 0 < r < 1. Set

K=[-1,11cQ=Q ={z:|z—1|+|z+ 1 <r+r '}
Q, is the interior of an ellipse.
Theorem (S. Bernstein 1912)

Let f € C(K). The following “spectral radius formula” holds true

lim sup[En()]/" < r <= f extends analytically to Q = Q,.

n— oo

(Analysis versus Geometry)
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Approximation of functions

Let 0 < r < 1. Set

K=[-1,11cQ=Q ={z:|z—1|+|z+ 1 <r+r '}
Q, is the interior of an ellipse.
Theorem (S. Bernstein 1912)

Let f € C(K). The following “spectral radius formula” holds true

lim sup[En()]/" < r <= f extends analytically to Q = Q,.

n— oo

(Analysis versus Geometry)

Key facts :
PeP, z¢ K= |P(2)| <||Pllklz+ V22— 1"
Q=KU{z:|z+ V22 -1]<r '}
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Bernstein, variant

To ease the presentation, we take another model, in which Q is fixed
and K becomes variable. We denote

D={|z| <1}, T={z:|z| =1} and K, = rT.

One has (K, Q) = (J(K:), J(D)), where J(w) = "4 is the
Joukovski map.
Bernstein’s theorem can be rephrased, with E,(f) = infpep, ||f — P|lx, :

Theorem (Bernstein)
Let f € C(K;). Then

lim sup[En(F)]"/" < r <= f extends analytically to ID.

n— oo

We now need a small detour...
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Geometric meaning

Indeed, r is related to the Green capacity of K, inside D.

We define the Green capacity Ci(K) of K C D compact :

, u subharmonic, or

Gi(K) = sup / (B0)(2) 5L
K

0<u<l1

G(K) = G(0K) = sup{p(K) : G.(z) <1 for all z € D}

where G,(z) = fD log | 1= CZ

du(C) is the Green potential of .

We also set [1(K) = exp [— 1/(C1(K))].
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Geometric meaning

Indeed, r is related to the Green capacity of K, inside D.

We define the Green capacity Ci(K) of K C D compact :

, u subharmonic, or

Gi(K) = sup / (B0)(2) 5L
K

0<u<l1

G(K) = C1(8K) = sup{u(K) : Gu(z) <1forall ze D}
where G,(z) = fD log | 1= CZ

is the Green potential of .

We also set [1(K) = exp [— 1/(C1(K))].
Example : Let r < 1. Then

G(rD) = Gi(rT) = and I'1(rD) = r.

1
log(1/r)
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Generalisations

Under this form, Walsh extended Bernstein's result to arbitrary compact sets K C D.
Theorem (Bernstein-Walsh)
For f € C(K) and K C D compact :

lim sup[En(F)]Y/" < T1(K) <= f extends analytically to D.

n—o0

And Siciak extended Bernstein-Walsh to dimension d.
Theorem (Siciak)
For f € C(K) and K C DY compact :

lim sup[En(F)]/" < T4(K) <= f extends analytically to D°.

n—oo

Observe that, now, dim P, ~ n?.
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A result of Widom on Operators

We now switch to operators, and use other subspaces than P,.
Let H°°(D) be the space of bounded analytic functions on D, let

J=Jk: H®(D) = C(K), Jf=f
be the canonical injection, and

5n(J)= _inf [ sup d(JFf E)]

dim E<n " feByoo ()

where d(f, E) = infpce ||f — P||k. The number 8,(J) is called
the n-th Kolmogorov number of J.
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A result of Widom on Operators

We now switch to operators, and use other subspaces than P,.
Let H°°(D) be the space of bounded analytic functions on D, let

J=Jk: H®(D) = C(K), Jf=f
be the canonical injection, and

5n(J)= _inf [ sup d(JFf E)]

dim E<n " feByoo ()

where d(f, E) = infpce ||f — P||k. The number 8,(J) is called
the n-th Kolmogorov number of J.

Theorem (Widom)

Let K C D compact with non-empty interior. Then

lim sup[8, ()] = T1(K).

n— oo
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Approximation of operators

Let T : H — H be a bounded operator.

We recall that its n-th approximation number a,(T) is

an = an(T) = inf ||T = R|.

Three issues implying the numbers a,(T) :

@ T compact (T € K(H)), namely a,(T) - 07?7?
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We recall that its n-th approximation number a,(T) is

an = an(T) = inf ||T = R|.

Three issues implying the numbers a,(T) :
@ T compact (T € K(H)), namely a,(T) - 07?7?
@ T €S, namely (an) € £p, p > 0 (Schatten class) ?
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Approximation of operators

Let T : H — H be a bounded operator.

We recall that its n-th approximation number a,(T) is

an = an(T) = inf ||T = R|.

Three issues implying the numbers a,(T) :
@ T compact (T € K(H)), namely a,(T) - 07?7?
@ T €S, namely (an) € £p, p > 0 (Schatten class) ?

© Rate of decay of a,. For example, a, ~ e~ V7

— We focus on the class of composition operators C,.
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Composition operators

We set Q =D, a = (a1,...,aq) € N§. The Hardy space is

H = H(Q) = {f(z) = bz Y bl = 1P < oo}.
The monomials (z*) form an orthonormal basis of H.

If now ¢ : Q — Q is analytic and C,(f) = f o ¢, then C, : H — Hol().

The question is :
@ When does C, map H to itself?
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Composition operators

We set Q =D, a = (a1,...,aq) € N§. The Hardy space is

H=H@={fz)=> b2y |baf’

o

IR <oo}.

The monomials (z*) form an orthonormal basis of H.

If now ¢ : Q — Q is analytic and C,(f) = f o ¢, then C, : H — Hol(Q).

The question is :
@ When does C, map H to itself?

@ Compare the operator C, and its symbol ¢, as one does
for Hankel operators.
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Classics for d =1

We set T = C, with ¢ non-constant. Then

@ T always bounded on H (Littlewood's subordination principle) !

[} = =
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Classics for d =1

We set T = C, with ¢ non-constant. Then :

@ T always bounded on H (Littlewood's subordination principle) !
@ T compact characterized (Mc Cluer and Shapiro)
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Classics for d =1

We set T = C, with ¢ non-constant. Then :

@ T always bounded on H (Littlewood's subordination principle) !
@ T compact characterized (Mc Cluer and Shapiro)
@ T p-Schatten characterized (Luecking, Zhu).
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More recent results for d =1

The study of the decay rate of a,(T), T = C, compact, was undertaken in
2012 (Li-Q-Rodriguez-Piazza).

Motivation : perform a study parallel to that of compact Hankel operators H,,
shown to have arbitrary approximation numbers €, = a,(H,) | 0.
(Megretski-Peller-Treil (1995) and Gérard-Grellier (2014)).

We obtained in particular :
Q a,(T)>da" with0 < a < 1.
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More recent results for d =1

The study of the decay rate of a,(T), T = C, compact, was undertaken in
2012 (Li-Q-Rodriguez-Piazza).

Motivation : perform a study parallel to that of compact Hankel operators H,,
shown to have arbitrary approximation numbers €, = a,(H,) | 0.
(Megretski-Peller-Treil (1995) and Gérard-Grellier (2014)).

We obtained in particular :
Q a,(T)>da" with0 < a < 1.

@ a,(T) can decay arbitrarily slowly (cf.Sarason’s question).
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More recent results for d =1

The study of the decay rate of a,(T), T = C, compact, was undertaken in
2012 (Li-Q-Rodriguez-Piazza).

Motivation : perform a study parallel to that of compact Hankel operators H,,
shown to have arbitrary approximation numbers &, = a,(H,) | 0.
(Megretski-Peller-Treil (1995) and Gérard-Grellier (2014)).

We obtained in particular :
Q a,(T)>da" with0 < a < 1.
@ a,(T) can decay arbitrarily slowly (cf.Sarason’s question).
Q |¢lloo < 1= an(T) < CB"with0 < 3 < 1.
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More recent results for d =1

The study of the decay rate of a,(T), T = C, compact, was undertaken in
2012 (Li-Q-Rodriguez-Piazza).

Motivation : perform a study parallel to that of compact Hankel operators H,,
shown to have arbitrary approximation numbers €, = a,(H,) | 0.
(Megretski-Peller-Treil (1995) and Gérard-Grellier (2014)).

We obtained in particular :
Q a,(T)>da" with0 < a < 1.
@ a,(T) can decay arbitrarily slowly (cf.Sarason’s question).
Q [[plloo <1=an(T) < CB"with0 < 8 < 1.
Q ||¢lloc =1 = an(T) > de” ™" with ¢, — 0.
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Spectral radius formula

Bu(T) =

Sketch of proof : a,(T) & §,(J) where J = Jk.

Jim [an(T)]7" = (K.

oy <3 = E 9ae
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Spectral radius formula

One of our main results later (2015) was, in case K = (D) C D :

BU(T) = lim [a.(T)]"" = T1(K).

n—o00
Sketch of proof : a,(T) & §,(J) where J = Jk.

This recaptures 4. of the previous slide when ||| = 1 as follows :
Q 51(Cy,) < Ai(Cy) if or(2) = ¢(rz), 0 <r <1
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Spectral radius formula

One of our main results later (2015) was, in case K = (D) C D :

BU(T) = lim [a.(T)]"" = T1(K).

n—o00
Sketch of proof : a,(T) & §,(J) where J = Jk.

This recaptures 4. of the previous slide when ||| = 1 as follows :
O B1(Cy,) < B(Cy) if pr(2) = p(rz), 0 < r < 1.
@ Fact : 0 € Kj, connected, and limj_. |Kj| =1 = G (Kj) — 0.
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Spectral radius formula

One of our main results later (2015) was, in case K = (D) C D :

BU(T) = lim [a.(T)]"" = T1(K).

n—o00
Sketch of proof : a,(T) & §,(J) where J = Jk.

This recaptures 4. of the previous slide when ||| = 1 as follows :
© Ai(C,) < Bi(Co) if ou(2) = plrz), 0 < r < 1.
@ Fact : 0 € Kj, connected, and limj_. |Kj| =1 = G (Kj) — 0.
Q@ Take K; = (D), ;1 1.

Test : p(2) = rz, a,(C,) =r""', K=1rD, f1(C,) =r.
We also know that '1(K) = r since Gi(K) =

_ 1
logl/r"
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Results for d > 1

Let o : DY — D9 be analytic and non-degenerate, i.e.J, # 0, and
Co(f) = fop: H to Hol(D?).
Difficulty : C, is not always bounded on H !

We obtained the following when T = C, is bounded, where this time :

Ba(T) := lim [a,e(T)]"",

n—o0o
(Remember Siciak !)

Q a3,(T)>da" with0 < a<1,orelse B4(T) > a.
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Let o : DY — D9 be analytic and non-degenerate, i.e.J, # 0, and
Co(f) = fop: H to Hol(D?).
Difficulty : C, is not always bounded on H !

We obtained the following when T = C, is bounded, where this time :

Ba(T) := lim [a,e(T)]"",

n—o0o
(Remember Siciak !)

Q a3,(T)>da" with0 < a<1,orelse B4(T) > a.
@ a,4(T) can decay arbitrarily slowly.
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Results for d > 1

Let o : DY — D? be analytic and non-degenerate, i.e.J, # 0, and
Co(f) = fop: H to Hol(D?).
Difficulty : C, is not always bounded on H !

We obtained the following when T = C, is bounded, where this time :

Ba(T) := lim [a,e(T)]"",

n—o0o
(Remember Siciak !)

Q a3,(T)>da" with0 < a<1,orelse B4(T) > a.
@ a,4(T) can decay arbitrarily slowly.
Q |ollee < 1= a,(T) < CA"with 0 < 8 <1, orelse Bq(T) < B.
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Results for d > 1

Let o : DY — D? be analytic and non-degenerate, i.e.J, # 0, and
Co(f) = fop: H to Hol(D?).
Difficulty : C, is not always bounded on H !

We obtained the following when T = C, is bounded, where this time :

Ba(T) = lim [a,(T)] v
(Remember Siciak!)
Q a3,(T)>da" with0 < a<1,orelse B4(T) > a.
@ a,4(T) can decay arbitrarily slowly.
O ||@lloo <1= a,u(T) < CB"with0 < B <1, orelse B4(T) < .

Q |¢llc =1= a,a(T) > de™"" with e, — 0, or else
B4(C,) =1, in case ¢ separates variables.

We will come back to the general case.
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A word on pluricapacity

The following was coined by Bedford and Taylor (around 1980).

@ Replace subharmonic by plurisubharmonic.

@ Replace the laplacian (trace) by the Monge-Ampére operator
(determinant).

You get the pluri, or Bedford-Taylor, capacity Cq(K) of K C Q = D“.
This new parameter verifies (Blocki) :

Ca(Ki x - x K;) = [ [ Gi(K)), where K; € D.
j=1

In particular, it extends the Green capacity to dimension d.
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A conjecture of Kolmogorov

The following was conjectured by Kolmogorov, and proved later.

Theorem (Nivoche-Zaharyuta)

Let K ¢ DY be compact, with non-void interior, and “regular’. Set

Is(K) = exp [f (%)l/d}

and let J : H>(D?) — C(K) be the canonical injection. Then

limsup [5,4(J)]"" = Fu(K).

n—oo

We now examine a simple example.
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An example

Let o(z) = (nzi, ..., razq) with 0 < r; < 1. Set p; = log1/r;.
So that K := (D7) = szl ;D and, by Blocki and the definition :

1
Ca(K) = m7

Fa(K) = exp [— (d!m . "Pd)l/d].
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An example

Let o(z) = (nzi, ..., razq) with 0 < r; < 1. Set p; = log1/r;.
So that K := (D7) = szl ;D and, by Blocki and the definition :

1
ColK) =

1/d
rd(K)ZeXp[—<d!p1~~-pd) ]
We now see that C,(z%) = r*z® if & = (a1, ..., aq) € N9,

Hence, the a,(C,) are the decreasing rearrangement of the numbers
g Qg
rl ... rd .
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An example, continued

Let

d

j=1
Then Na = [{a: r* > e *}| and

Na=|{a: Zajpj < A}| with p; =log1/r;.

d
Na

~———— as A — .
dlplpd

- = T 9ac
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An example, continued

Let ;
Na=|{a: Zajpj < A}| with p; =log1/r;.
j=1
Then Na = [{a: r* > e *}| and
d
Np~ ——+—— as A — 0.
dip1-pa

If A=log1l/an, then Na = N. Take N = n? and invert to get

a,4(Cy) = exp [f n(l+ o(l))(d!pl o pd)l/d:|7

implying the spectral radius formula, with K = (D?), namely :

Ba(Co) = lim (a,0(Cx)) """ = Ta(K).

n—oo
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Spectral formula for d > 17

This seems to mean that the Bedford-Taylor capacity is the right substitute
to Green capacity in dimension d > 1 and will prove as useful for the study
of composition operators. The truth so far is

© The spectral radius formula essentially holds in several dimensions.
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Spectral formula for d > 17

This seems to mean that the Bedford-Taylor capacity is the right substitute
to Green capacity in dimension d > 1 and will prove as useful for the study
of composition operators. The truth so far is

© The spectral radius formula essentially holds in several dimensions.

@ But it is possibly less useful, even though it provides a very simple
proof of item 3 in slide thirteen.
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Spectral formula for d > 17

This seems to mean that the Bedford-Taylor capacity is the right substitute
to Green capacity in dimension d > 1 and will prove as useful for the study
of composition operators. The truth so far is

© The spectral radius formula essentially holds in several dimensions.

@ But it is possibly less useful, even though it provides a very simple
proof of item 3 in slide thirteen.

© Indeed, some results are simply wrong in dimension d > 1!
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A counterexample

Our main result (counterexample) states

Theorem

There exists a family of maps ¢ : D?> — D? such that
© The family contains an injective map.
@ The operator C, : H*(D?) — H?(D?) is compact.
@ It holds ||p|lec = 1 and ¢ is non-degenerate, so 3, (C,) > 0.

@ The approximation numbers satisfy a,2(C,) < ae™?", ie. 55 (C,) < 1.
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Our main result (counterexample) states

Theorem

There exists a family of maps ¢ : D?> — D? such that
© The family contains an injective map.
@ The operator C, : H*(D?) — H?(D?) is compact.
@ It holds ||p|lec = 1 and ¢ is non-degenerate, so 3, (C,) > 0.

@ The approximation numbers satisfy a,2(C,) < ae™?", ie. 55 (C,) < 1.

The proof combines
@ Rudin functions ((h?, h?) =0 if p # q)
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There exists a family of maps ¢ : D?> — D? such that
© The family contains an injective map.
@ The operator C, : H*(D?) — H?(D?) is compact.
@ It holds ||p|lec = 1 and ¢ is non-degenerate, so 3, (C,) > 0.

@ The approximation numbers satisfy a,2(C,) < ae™?", ie. 55 (C,) < 1.

The proof combines
@ Rudin functions ((h?, h?) =0 if p # q)

@ Weighted composition operators M,, C, and their approximation numbers
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A counterexample

Our main result (counterexample) states

Theorem

There exists a family of maps ¢ : D?> — D? such that
© The family contains an injective map.
@ The operator C, : H*(D?) — H?(D?) is compact.
@ It holds ||p|lec = 1 and ¢ is non-degenerate, so 3, (C,) > 0.

@ The approximation numbers satisfy a,2(C,) < ae™?", ie. 55 (C,) < 1.

The proof combines
@ Rudin functions ((h?, h?) =0 if p # q)
@ Weighted composition operators M,, C, and their approximation numbers

@ Hilbertian sums of operators (T = Gx>o0 T«).
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Rudin functions

Those are functions h € By all of whose powers h” are orthogonal in
H?, e.g. an inner function with h(0) = 0, but there are others (Bishop).
Then, we take the triangular symbol

p(21,22) = (Ma1), w(z1)h(22)).
First, if f(z2) =3, , GkZzK, then

f(z) = Zzzkfk(zl) where f(z1) = Z Gzl

k>0 j

1P =) lfelFe)

k>0

and by orthogonality
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Weighted composition operators

M,, = multiplication operator f + wf : H*(D) — H*(D), w € H>.
The a,(M,, C,) were studied independently ([3]). Now,

C¢f(Z)IZ(h(ZZ ( (z) ZC,M(Z1)’>

k>0

= Z(h(n))k <Muk (6 fk(Zl))

k>0

so that, by Rudin orthogonality

G < D Tl
k>0

where Ty is the weighted composition operator

Ti = M Co.
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Hilbertian sums

We can hence assume that

T = ®k>0 Tk where T = M, Cy
and have the simple
Lemma

If T =@k>0Tk and N =ng+ --- + n,, then

r

an(T) < max (Zank(Tk); iUP [ Tk“)-
k=0 i

Our choice is

QO \= % where Ag is a lens map with 0 < 0 < 1.

0
@ 1= wo X where w(z) = exp [— (}fi) } One has ||pf[o < 1.
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End of proof

We finish with the following simple key ! lemma
Lemma

Let nk = nux = nlog(n/k). Then, for some constants a,b >0 :
Q a,(Tk)<ae ™ for1 < k<n.
Q || Tkl < e 5 for k > n.

(<) E:Zl ng = nzzzl(log n/k) < n?.
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End of proof

We finish with the following simple key ! lemma
Lemma

Let nk = nux = nlog(n/k). Then, for some constants a,b >0 :
Q a, (Tk) < ae ™ for1 < k< n.
Q || Tkl < e 5 for k > n.

(<) 22:1 ng = nzzzl(log n/k) < n?.

Combining the previous lemmas gives the result. As soon as h is injective
(e.g. h(z) = z), v is injective as well.
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