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Poncelet and projective geometry

(Poncelet’s Porism, 1813, ellipse version) Given one ellipse inside
another, if there exists one circuminscribed (simultaneously
inscribed in the outer and circumscribed on the inner) n -gon, then
any point on the boundary of the outer ellipse is the vertex of
some circuminscribed n-gon.
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Maybe we never returning to the starting point. Maybe, though,
we do return to the initial point.
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Poncelet’s theorem says that if the path closes in n steps, then no
matter where you begin the path will close in n steps.
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Poncelet’s theorem says that if the path closes in n steps, then no
matter where you begin the path will close in n steps.

New proof Halbeisen and Hungerbiihler, 2015!
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Useful if you play billiards on an elliptical pool table
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Useful if you play billiards on an elliptical pool table
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Useful if you play billiards on an elliptical pool table

Leopold Flatto, Poncelet’s Theorem, dynamics perspective
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Hold that thought
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Numerical range

A an n X n matrix.

The numerical range of A'is W(A) = {(Ax,x) : ||x|| = 1}.

Why the numerical range?
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Numerical range

A an n X n matrix.

The numerical range of A'is W(A) = {(Ax,x) : ||x|| = 1}.
Why the numerical range?

Contains eigenvalues of A: (Ax, x) = (Ax,x) = A\(x,x) = .
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Numerical range

A an n X n matrix.

The numerical range of A'is W(A) = {(Ax,x) : ||x|| = 1}.
Why the numerical range?
Contains eigenvalues of A: (Ax, x) = (Ax,x) = A\(x,x) = .

Compare the zero matrix and the n x n Jordan block: (Here's the
2x2)
00 01
Al_[o o]’Az_[o 0]
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Numerical range

A an n X n matrix.

The numerical range of A'is W(A) = {(Ax,x) : ||x|| = 1}.
Why the numerical range?
Contains eigenvalues of A: (Ax, x) = (Ax,x) = A\(x,x) = .

Compare the zero matrix and the n x n Jordan block: (Here's the

2x2)
0 0 01
w=loo)a=[50]

W(A1) = {0}, W(A2) = {z: |z| < 1/2}.



Kippenhahn's work
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Kippenhahn: Finding the numerical range

Idea: Find the maximum eigenvalue of (A + A*)/2. Then rotate A
and repeat.

o §eo

Theory of envelopes and projective geometry
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The Envelope Algorithm

Have a family of curves F given by F(x,y,0) = 0.
Find Fyp(x,y,0) =0.
Solve for one variable.

Get the equation of a curve each point of which is a point of
tangency to some member of F(x,y,6).

Pamela Gorkin The numerical range and compressions of the shift operator



The envelope three ways and the boundary

@ Find a curve C such that every point of C is tangent to a
member of F (and sometimes every member of the family is
tangent to the curve).

@ Find a curve satisfying the envelope algorithm.

© For each 0 choose two curves Cy and Cyp and find the points
of intersection. The envelope consists of the points obtained
from

lim Cy N Copp.
Paldy 0 0+h

These are not always the same, but for us they will be.
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Numerical range basics
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Elliptical range theorem

Let A be a 2 X 2 matrix with eigenvalues a and b. Then the
numerical range of A is an elliptical disk with foci at a and b and
minor axis given by (tr(A*A) — |a|? — |b|?)Y/2.

Why?
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Elliptical range theorem

Let A be a 2 X 2 matrix with eigenvalues a and b. Then the
numerical range of A is an elliptical disk with foci at a and b and
minor axis given by (tr(A*A) — |a|? — |b|?)Y/2.

Why? Scaling, assume A = [8 rln]
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Elliptical range theorem

Let A be a 2 X 2 matrix with eigenvalues a and b. Then the
numerical range of A is an elliptical disk with foci at a and b and
minor axis given by (tr(A*A) — |a|? — |b|?)Y/2.

0 m

0 1]. For t € [0, 1] write

Why? Scaling, assume A = [

(Ax, x) = (1 — t?) + me'2=0) (/1 — 12),
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Elliptical range theorem

Let A be a 2 X 2 matrix with eigenvalues a and b. Then the
numerical range of A is an elliptical disk with foci at a and b and
minor axis given by (tr(A*A) — |a|? — |b|?)Y/2.

0 m

0 1]. For t € [0, 1] write

Why? Scaling, assume A = [

(Ax, x) = (1 — t?) + me'2=0) (/1 — 12),
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We now find the envelope of the family of circles.

We had

Fx,y,t) == (x — (1 = t3))? + y*> — m*t*(1 - t?) = 0.
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We now find the envelope of the family of circles.

We had
F(x,y,t) = (x— (1—12))? +y* — m*t*(1 — t?) = 0.
Computing Fi(x,y,t) = 0 when

m2
-

4
x= (1= )+ -(1-2¢%) and y? = (£ — ') - %(1 _212)2,

Pamela Gorkin The numerical range and compressions of the shift operator



We now find the envelope of the family of circles.

We had
F(x,y,t) = (x— (1—12))? +y* — m*t*(1 — t?) = 0.
Computing Fi(x,y,t) = 0 when

m2
-

4
x= (1= )+ -(1-2¢%) and y? = (£ — ') - %(1 _212)2,

Combining the formulas for x and y shows that

x=3P ¥ 1
1+ m? m2 4

Is the envelope the boundary?

(Details Trung Tran, Kelly Bickel + G.)
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An important consequence of the elliptical range theorem

Theorem (The Toeplitz-Hausdorff Theorem; 1918)

The numerical range of an n X n matrix is convex.
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Some possible shapes

1.2 1.5 1.6 T T
0.6 1.0 1 0.8
0.5
& 0.0 e ¢ 0.0
0.0
—0.6 —0.8
—05
120 _ _1l—
Z15-1.0-05 0.0 05 L0 LO0S=6100 04 08 1.2 L9 60500 05 10 15
R R R

Source:http://numericalshadow.org/doku.php?id=
numerical-range:examples:3x3
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http://numericalshadow.org/doku.php?id=numerical-range:examples:3x3

Numerical range of unitary matrices

Remark: Every unitary matrix is unitarily equivalent to a diagonal
matrix, with its eigenvalues on the diagonal. If

A1 0 0
A=1 0 X O
0 0 X3

then (A1x,x) = 327 Aj|xj|?, which is the convex hull of the
eigenvalues.

Fact: The numerical range of a unitary matrix is the convex hull
of its eigenvalues.
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The numerical range of a compressed shift operator
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Blaschke products

n
B(z) = ][ % where a; € D, [\ = 1.
J

Visualizing Blaschke products
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Operator theory

H? is the Hardy space; f(z) = >_o° ; anz" where > |an|? < oco.

An inner function is a bounded analytic function on I with radial
limits of modulus one almost everywhere.

S is the shift operator S : H2 — H? defined by [S(f)](z) = zf(2);

The adjoint is [S*()](z) = (f(z) — £(0))/z.

Theorem (Beurling's theorem)

The nontrivial invariant subspaces under S are
UH? = {Uh: h € H?},

where U is a (nonconstant) inner function.

Subspaces invariant under the adjoint, S* are Ky := H?> & UH?.
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What's the model space?

Let U be inner. Then Ky = H2 N U zH2.

So {f € H? : f = Ugz a.e. for some g € H?}.

Consider Kg = H? o BH? where B(Z) — Hn z—a;

Jj=11-3jz

and the Szego kernel: g,(z) = T3
—az
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What's the model space?

Let U be inner. Then Ky = H2 N U zH2.

So {f € H? : f = Ugz a.e. for some g € H?}.

Consider Kg = H? o BH? where B(Z) — Hn z—a;

Jj=11-3jz

and the Szego kernel: g,(z) = T3
—az

o (f,g,) = f(a) for all f € H?.
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What's the model space?

Let U be inner. Then Ky = H2 N U zH2.

So {f € H? : f = Ugz a.e. for some g € H?}.

Consider Kg = H? o BH? where B(Z) — Hn z—a;

Jj=11-3jz

and the Szego kernel: g,(z) = —.
1—-az
o (f,g,) = f(a) for all f € H?.

e So (Bh,g.;) = B(aj)h(aj) = 0 for all h € H?.
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What's the model space?

Let U be inner. Then Ky = H2 N U zH2.

So {f € H? : f = Ugz a.e. for some g € H?}.

Consider Kg = H? o BH? where B(Z) — Hn z—a;

Jj=11-3jz

and the Szego kernel: g,(z) = —.
1—-az

o (f,g,) = f(a) for all f € H?.

e So (Bh,g.;) = B(aj)h(aj) = 0 for all h € H?.

So gy € Kg forj=1,2,...,n.

If a; are distinct, Kg = span{ga, :j =1,...,n}.
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Compressions of the shift

Consider the compression of the shift: Sg : Kg — Kpg defined by
Sg(f) = Pe(5(f))
where Pg is the orthogonal projection from H? onto K.

Applying Gram-Schmidt to the kernels we get the
Takenaka-Malmaquist basis: Let b,(z) =

\/1—!81|2 \/1—|32\2 ﬂb V1—lal?
aj

1—3a1z + bay 1—3az 1— 2z

PICII a

What's the matrix representation for Sg with respect to this basis?
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For two zeros it's

Al @ VI-TRRVI-TP
) b '

So A is the matrix representing Sg when B has two zeros a and b.
The numerical range is an elliptical disk with foci at a and b.
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For two zeros it's

Al @ VI-TRRVI-TP
) b '

So A is the matrix representing Sg when B has two zeros a and b.
The numerical range is an elliptical disk with foci at a and b.

What about the n x n case?
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The n X n matrix A is
[ a VI-[aPVi-[alP . (L3I [alPyI—(aP ]
0 2 o (RS (A= [PV =8,
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The n X n matrix A is
[ a VI-[aPVi-[alP . (L3I [alPyI—(aP ]
0 2 o (RS (A= [PV =8,

For each A € T, we have A "“inside” a unitary matrix

ajj if 1 <i,j<n,

by — MILS(=30) /I —[a2 ifi=n+land1<j<n
Y (Iieia(20) /1= a2 ifj=n+1land1<i<n,
AMTe=r(=3) ifi=j=n+1.
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Q Let B(z) = z". Then
Kg = span(l,z,2°, ...,z2"1)

@ Sp can be represented by

o o0 --- 0 O
1 0 0 O
0 0 1 0
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Halmos and unitary dilations

Let [[A|| <1. Look at S =+v1—AA*and T =1 — A*A.
Then
A S
(85
is a unitary dilation of A.

Halmos asked: What do the unitary dilations tell us about A?
Specifically, is

W(A) = ﬂ{W(U) : U a unitary dilation of A}?
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For compressions of the shift

A stuff(\)
Ur = [ stuff(\)  stuff(\) ]
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)

@ The eigenvalues of Uy are the values B(z) := zB(z) maps to \;
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)

@ The eigenvalues of Uy are the values B(z) := zB(z) maps to \;
@ W(U,) is the polygon formed with the points zB(z) identifies.
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)

@ The eigenvalues of Uy are the values B(z) := zB(z) maps to \;
@ W(U,) is the polygon formed with the points zB(z) identifies.
Q@ W(A) CN{W(U,): X eD}.
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)

@ The eigenvalues of Uy are the values B(z) := zB(z) maps to \;
@ W(U,) is the polygon formed with the points zB(z) identifies.
Q@ W(A) CN{W(U,): X eD}.

Let V =1/,,0] be n x (n+1). Then A= VU, V" and Vix = [g}
IVex] =1
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For compressions of the shift

A stuff(\)

Uy = [ stuff(\)  stuff(\) ] < add one row and one column

rank(/ — S5Sg) = 1 = rank(/ — SgS§)

@ The eigenvalues of Uy are the values B(z) := zB(z) maps to \;
@ W(U,) is the polygon formed with the points zB(z) identifies.
Q@ W(A) CN{W(U,): X eD}.

Let V =1/,,0] be n x (n+1). Then A= VU, V" and Vix = [g}
IVex] =1

(Ax,x) = (VU\V'x, x) = (UxV'x, Vx).
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Our operators

S, denotes compressions of the shift to an n-dimensional space:

Matrices have no eigenvalues of modulus 1, are contractions
(completely non-unitary contractions) with
rank(/ — T*T) =rank(/ — TT*) =1

B be a finite Blaschke product, Kg = H2 & BH2 = H? N BzH?2.

Sg(f) = Pg(S(f)) where f € Kg, Pg : H> = K.

Pg(g) = BP_(Bg) = B(I — P.)(Bg),
P_ the orthogonal projection for L2 onto L? & H?.
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All the numerical ranges have the Poncelet property

Theorem (Gau, Wu)

For T € S, and any point \ € T there is an (n+ 1)-gon inscribed
in T that circumscribes the boundary of W(T) and has X as a
vertex.
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All the numerical ranges have the Poncelet property

Theorem (Gau, Wu)

For T € S, and any point \ € T there is an (n+ 1)-gon inscribed
in T that circumscribes the boundary of W(T) and has X as a
vertex.
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All the numerical ranges have the Poncelet property

Theorem (Gau, Wu)

For T € S, and any point \ € T there is an (n+ 1)-gon inscribed
in T that circumscribes the boundary of W(T) and has X as a
vertex.

These are not Poncelet ellipses, but they have the Poncelet
property. They are Poncelet curves.
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Important example

SB(f) = PB(S(f)), SB . KB — KB

When the Blaschke product is B(z) = z", the matrix representing
Sg is the n x n Jordan block.

The numerical range of the n x n Jordan block is a circular disk of
radius cos(m/(n+ 1)).

The boundary of these numerical ranges are all Poncelet circles.
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Application of function theory to T € S,

Theorem (Special theorem, Gau and Wu, 1995)

W(Sg) = ﬂ{W(U) : U a unitary 1-dilation of Sg}.
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Application of function theory to T € S,

Theorem (Special theorem, Gau and Wu, 1995)

W(Sg) = ﬂ{W(U) : U a unitary 1-dilation of Sg}.

Theorem (General theorem, Choi and Li, 2001)

W(T) = m{W(U) : U a unitary dilation of T on H® H}.

A\

Gau and Wu's theorem is the “most economical” intersection.
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The geometry of infinite Blaschke products

B infinite Blaschke product; Y 72 (1 — |zp]) < o0

For T a completely nonunitary contraction with a unitary
1-dilation

@ Every eigenvalue of T is in the interior of W(T);

@ W(T) has no corners in D.
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Orthogonal decompositions of K; with / inner

To think of S; as a matrix, we look at it with respect to two
decompositions:

Decomposition 1:

My = C(8*1) = {x(I(z) — 1(0))/2z} and Ny = K; & M;.

Decomposition 2:

My = (C(I /(0) — 1) and AVb = K, © M.

Computations show:

Si(xS*1 + w) = x((11(0) — 1)1(0) + Sw

for x € C and w € M.
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Infinite Blaschke products and two decompositions

Let S denote the shift operator.

Unitary 1-dilations on K = H & C.

v o A 0 ay/1—[\P
S’:[O S} and Uy, = 0 S 0
1-A\2 0 —af\

If 1(0) = 0, then A = 0.

Theorem (Clark, 1972)

If 1(0) = 0 all unitary 1-dilations of S; are equivalent to rank 1
perturbations of S,;.
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Theorem (Chalendar, G., Partington)

Let B be an infinite Blaschke product. Then the closure of the
numerical range of Sg satisfies

W(Ss) = () W(UB),
a€cT

where the UB are the unitary 1-dilations of Sg (or, equivalently,
the rank-1 Clark perturbations of Sg ).

For some functions, we get an infinite version of Poncelet’s
theorem.
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An “infinite” Blaschke product with real zeros
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A more general “infinite” Blaschke product
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Theorem (Frostman’s Theorem)

Let I be an inner function. Let a € D and ¢,(z) = {—=. Then
pa o | is a Blaschke product for almost all a € D.

Every inner function is a uniform limit of Blaschke products.

An application of Frostman's theorem tells us that W(S;) has the
same property for all | inner.
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Starring the atomic singular inner function

Modifying S(z) = exp (i i- 1)
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Further generalizations

Let Dy = (1 — T*T)'/? (the defect operator) and D1 = DT H
(the defect space).
What if the dimension of D = D7+ = n > 17

Bercovici and Timotin showed that

W(T) = ﬂ{W(U) : U a unitary n — dilation of T}.
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So that wraps that up...
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So that wraps that up...

Not quite:
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So that wraps that up...

Not quite: (joint work with Kelly Bickel)

D? = {(z1,2) : |z1],]|z| < 1}
T? = {(11,72) : |71|,|m2| = 1}

H?(D?) = {f € Hol(D?) : ||f|2, = Iiml/ |f(r7)|?do < oo}
r— T2

© is inner if © € Hol(D?) and lim,_,1 |©(r7)| =1 for a.e. T € T?.
Ko = H?(D?) © ©H2(D?) is a two variable model space.

S, = PeM,, and S,, = PgM,, are the compressed shifts.
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Rational inner functions

© rational inner with deg® = (m, n) implies there is an (almost)
unique polynomial with no zeros on D? such that
B 1 1

, where p(z) = Z{"Zﬁ'p(z—l, ;2)

e =

and p and p have no common factors.
Example. A (1,1) rational inner function is

p(z) azz+ bzy +Cz1+d

O(z) = = )
(2) p(z) a+ bzy + czo + dziz
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Agler decomposition

There are subspaces E and F of Kg such that
Ko = (@j’ioz{ E) @ (@ziozg F) — 558

for subspaces 1 and Sy invariant under multiplication by z; and

2.
with deg © = (m, n), Ko = &1 & So.

T [

Let © =
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Let © = £, deg © = (m, n), Ko = S1 & S».

Then S,,|S1 = M, and if S # {0}, then W(S,,|S1) = D.

So we look at §zl|82 = Ps,5,,|So.
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Let © = £, deg © = (m, n), Ko = S1 & S».

Then S,,|S1 = My, and if S1 # {0}, then W(T1|51) =D.

So we look at §zl|52 = Ps,5,,|So.

= (A, fm) with f; € H*(D), © rational, inner, degree (m, n),
H (D)™ = &, H3 (D).
Theorem (Bickel, G.)

There exists an m X m matrix-valued function Mg with continuous
entries, rational in o and U : H3(D)™ — S, unitary such that

5,182 = U Ty U™,

Twme : H3(D)™ — H3(D)™ is the matrix valued Toeplitz operator
with symbol Mo, i.e., Tu@)(fi,- - - fm) = Pramym(M(©) F ).

4
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Theorem (Bickel, G.)

There exists an m X m matrix-valued function Mg with continuous
entries, rational in zz and U unitary such that

54182 = U Ty U,

Twme : H3(D)™ — H3(D)™ is the matrix valued Toeplitz operator
with symbol Mo, i.e., Tu@)(fis-- - fmn) = Pramym(M(©) F ).

W(S,,|S2) = Conv (Urer W (Mg(T))).

The right-hand side are things we understand.
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Specific example.

Let

o(z) = 22120 — 21 — 2 32120 — 221 — 2»
B 2—z21— 2 3—z1—22

be a degree (2,2) inner function. Then

Mo(z) =
o) =1 mum
2-%)3-2z) 3-2z

So S,,|Ss is unitarily equivalent to the (matrix-valued) Toeplitz
operator with this symbol.
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Example: For © = Gf where 61 has a zero on T? and 6; = b for
p(z) = a— z1 + cz with a,c # 0, © is degree (2,2) and so Mg(7)
is 2 x 2. The numerical range looks like the convex hull of this:

We can get a formula using envelopes!
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Some final comments

e Michel Crouzeix 2006: “Open problems on the numerical range

and functional calculus’.

Conjecture (2004): For any polynomial p € C[z] and Aan nx n
matrix the inequality holds:

IP(A)I < € max|p(2)|zew(a)-
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Some final comments

e Michel Crouzeix 2006: “Open problems on the numerical range

and functional calculus’.

Conjecture (2004): For any polynomial p € C[z] and Aan nx n
matrix the inequality holds:

[P(A)| < Cmax|p(z)|.cw(a)-
The best constant should be C = 2.

01

Letp(z):zandA:{0 0

} . Then

LHS =1 and RHS = C - 1/2.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.

Examples of what is known

@ (Crouzeix) Best constant is between 2 and 11.08.
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For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.

Examples of what is known

@ (Crouzeix) Best constant is between 2 and 11.08.
@ (Okubo and Ando) If W(A) is a disk, this is known.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.

Examples of what is known

@ (Crouzeix) Best constant is between 2 and 11.08.
@ (Okubo and Ando) If W(A) is a disk, this is known.

© (Badea, Crouzeix, Delyon) Other estimates on convex sets.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.

Examples of what is known

@ (Crouzeix) Best constant is between 2 and 11.08.
@ (Okubo and Ando) If W(A) is a disk, this is known.
© (Badea, Crouzeix, Delyon) Other estimates on convex sets.
0 (

Glader, Kurula, Lindstrom) For tridiagonal 3 x 3 matrices.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

[P(A)| < Cmax|p(z)|.cw(a)-
The best constant should be C = 2.

Examples of what is known

@ (Crouzeix) Best constant is between 2 and 11.08.

@ (Okubo and Ando) If W(A) is a disk, this is known.

© (Badea, Crouzeix, Delyon) Other estimates on convex sets.
O (Glader, Kurula, Lindstréom) For tridiagonal 3 x 3 matrices.
o (

D. Choi) 3 x 3 matrices that are “nearly” Jordan blocks.
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Crouzeix Conjecture (2004)

For any polynomial p € C[z] and A an n x n matrix the inequality
holds:

(A < € max|p(2)|zew(a)-

The best constant should be C = 2.

Examples of what is known

(Crouzeix) Best constant is between 2 and 11.08.

(Okubo and Ando) If W(A) is a disk, this is known.

(Badea, Crouzeix, Delyon) Other estimates on convex sets.
(Glader, Kurula, Lindstrom) For tridiagonal 3 x 3 matrices.
(D. Choi) 3 x 3 matrices that are “nearly” Jordan blocks.
(Crouzeix, Palencia) Best constant is between 2 and 1 + /2.
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How sharp is that constant

A(S) continuous functions on Q holomorphic on Q.

Lemma

Let T be a bounded operator and 2 be a bounded open set
containing the spectrum of T. Suppose that for each f € A(Q)
there exists g € A(Q2) such that

lglle < [Iflle and [[£(T) +&(T)"[| < 2[|f[lo-

Then

IF (T < (1+v2)|flla, f € AQ).

Ransford and Schwenninger gave a short proof of this lemma and
show that in this lemma, the constant (1 + +/2) is sharp. Suggest
alternate question, for which an affirmative answer would prove the
Crouzeix conjecture.
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When is the numerical range elliptical

—For Sg with B degree 3, Fujimura showed that the curve formed
by looking at points B(z) = zB(z) identifies forms an ellipse iff B
is a composition of two degree 2 Blaschke products.
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—For Sg with B degree 3, Fujimura showed that the curve formed
by looking at points B(z) = zB(z) identifies forms an ellipse iff B
is a composition of two degree 2 Blaschke products.
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—For 3 x 3 matrices, Keeler, Rodman, Spitkovsky gave necessary
and sufficient conditions for the numerical range to be an elliptical
disk.
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—For 3 x 3 matrices, Keeler, Rodman, Spitkovsky gave necessary

and sufficient conditions for the numerical range to be an elliptical
disk.

—G. and Wagner, JMAA 2017 gave another proof of Fujimura’s
result and connected it to compressions of the shift.
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—For 3 x 3 matrices, Keeler, Rodman, Spitkovsky gave necessary
and sufficient conditions for the numerical range to be an elliptical
disk.

—G. and Wagner, JMAA 2017 gave another proof of Fujimura’s
result and connected it to compressions of the shift.

—Gau and Wu showed that every Blaschke ellipse is a Poncelet
ellipse and the converse is true.
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—For 3 x 3 matrices, Keeler, Rodman, Spitkovsky gave necessary
and sufficient conditions for the numerical range to be an elliptical
disk.

—G. and Wagner, JMAA 2017 gave another proof of Fujimura’s
result and connected it to compressions of the shift.

—Gau and Wu showed that every Blaschke ellipse is a Poncelet
ellipse and the converse is true.

—Daepp, G., Shaffer, Voss, LAA, 2017, use iteration to obtain
other examples of elliptical numerical ranges.
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—For 3 x 3 matrices, Keeler, Rodman, Spitkovsky gave necessary
and sufficient conditions for the numerical range to be an elliptical
disk.

—G. and Wagner, JMAA 2017 gave another proof of Fujimura’s
result and connected it to compressions of the shift.

—Gau and Wu showed that every Blaschke ellipse is a Poncelet
ellipse and the converse is true.

—Daepp, G., Shaffer, Voss, LAA, 2017, use iteration to obtain
other examples of elliptical numerical ranges.

Question. Find necessary and sufficient conditions for W(Sg) to
be elliptical.
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